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On the exact solution for peristaltic flow of couple-stress fluid with wall properties
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This communication reports the peristaltic motion of an electrically conducting couple-stress fluid in a channel with
complaint walls. Mathematical model subjected to long wavelength and low Reynolds number approximations is
presented. A closed form exact solution for the dimensionless stream function is derived. Behaviors of different

physical parameters including Hartman number (M ), couple-stress fluid parameter (), elastic parameters (E,,

E2, E3, E4, E5) and amplitude ratio (&) are thoroughly examined through the graphical results for velocity
and stream function. The study reveals that fluid velocity significantly increases with an increase in the couple-stress

fluid parameter and decreases with an increase in the magnetic field strength.

Keywords: Couple-stress fluid, compliant wall, peristalsis, magnetic field, analytic solution.

INTRODUCTION

Peristaltic motion is the form of fluid transport
that occurs due to the waves travelling along the
walls of a channel/tube. This mechanism appears
in many industrial and physiological processes
including rollers and finger pumps to pump
sanitary and corrosive fluids. The peristaltic
activity is quite prevalent in the gastrointestinal
tract for food bolus transportation. It also occurs in
the urinary tract to transport urine from kidney to
bladder, in small blood vessels to transport blood,
spermatozoa transport in the ductus efferentes, etc.
Haroun [1] studied the peristaltic flow of third
grade fluid in an asymmetric channel. Peristaltic
flow of fourth grade fluid in an inclined channel is
also discussed by Haroun [2]. Kothandapani and
Srinivas [3] presented the peristaltic flow of
Newtonian fluid in an inclined asymmetric
channel. Here, the fluid saturates the porous
medium. Kothandapani and Srinivas [4] discussed
the effect of magnetic field on the peristaltic flow
of Jeffrey fluid in an asymmetric channel. Ebaid
[5] studied the effects of magnetic field and wall
slip conditions on the peristaltic transport of
Newtonian fluid in an asymmetric channel.
Muthuraj and Srinivas [6] presented the mixed
convective heat and mass transfer effects on the
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peristaltic flow in a vertical wavy channel with
porous medium. Srinivas et al. [7] extended the work
of Muthuraj and Srinivas [6] for an asymmetric
channel. Srinivas and Muthuraj [8] discussed the
effects of chemical reaction and space porosity on
MHD mixed convective peristaltic flow in a vertical
asymmetric channel. Heat transfer in the pulsatile
flow through a vertical annulus was discussed by
Elmaboud and Mekheimer [9]. Peristaltic flow of an
electrically conducting micropolar fluid was
described by Mekheimer [10].

It is now recognized that fluids involved in
various industrial and physiological processes are
non-Newtonian. In view of flow diversity in nature,
all non-Newtonian fluids cannot be described by a
single constitutive relationship between stress and
shear rate. Due to this reason several constitutive
equations describing the motions of such fluids have
been proposed by the researchers. The associated
equations are mathematically more complex and
higher-ordered than the governing equations for a
Navier-Stokes fluid. Couple-stress fluid is one of the
non-Newtonian fluids that describe rheologically
complex fluids such as liquid crystals, polymeric
suspensions, infected urine, animal and human blood
and many lubricants. Recently, many researchers
discussed the peristaltic flow of couple- stress fluid.
Mekheimer [11] analyzed the effect of induced
magnetic field on the peristaltic flow of couple-stress
fluid. Mekheimer and Elmaboud [12] studied the
peristaltic flow of couple-stress fluid in an annulus.
Nadeem and Akram [13] extended the work of
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Mekheimer [11] for an asymmetric channel. Rao
and Rao [14] discussed the influence of heat
transfer on the peristaltic transport of couple-stress
fluid through a porous medium. Eldabe et al. [15]
studied the (1))MHD peristaltic flow of couple-
stress fluid with heat and mass transfer through a
porous medium. Heat transfer analysis in the
peristaltic flow of couple-stress fluid through
asymmetric channel is performed by Elmaboud et
al. [16].

In all above mentioned studies, the effect of
wall properties is not taken into account. The
consideration of wall properties of the channel in
peristaltic motion is realistic. Due to this reason
the peristaltic flow in a channel with wall
properties has great importance in the natural
processes that exist in industry and physiology.
Muthu et al. [17] discussed the effect of wall
properties on the peristaltic motion of micropolar
fluid. Radhakrishnamacharya and Srinivasulu [18]
studied the influence of wall properties on the
peristaltic motion with heat transfer. Kumari and
Radhakrishnamacharya [19] analyzed the effect of
slip boundary condition on the peristaltic transport
in an inclined channel with wall properties.
Kothandapani and Srinivas [20] discussed the
influence of wall properties on the MHD
peristaltic flow with heat transfer and porous
medium. Srinivas and Kothandapani [21]
presented the heat and mass transfer on MHD
peristaltic flow through a porous space with
compliant walls. Hayat et al. [22] extended the
work of Srinivas and Kothandapani [18] for the
flow of second grade fluid. Hayat et al. [23]
discussed the peristaltic flow of Maxwell fluid in
an asymmetric channel with wall properties.
Mustafa et al. [24] analyzed the effect of wall
properties on the peristaltic transport of nanofluid.
Mustafa et al. [25] extended their work [24] by
considering the slip boundary conditions. Hina et
al. [26] studied the peristaltic flow of
pseudoplastic fluid in a curved channel with wall
properties.

The objective here is to examine the
magnetohydrodynamic (MHD) peristaltic flow of
couple-stress fluid with wall properties. To our
knowledge, no such attempt is made yet. Problem
formulation is presented. Closed form exact
solutions for velocity and stream function are
constructed. Effects of couple-stress parameter,
Hartman number and compliant wall parameters
are also discussed in detail.

FORMULATION OF THE PROBLEM

Consider the peristaltic flow of couple-stress fluid
in a compliant walls channel. The channel width is

taken as 2d, . The x— and Yy — axes are along

and perpendicular to the channel walls, respectively.
An incompressible and electrically conducting fluid
is considered. A uniform magnetic field of strength

B, is applied in the y — direction. The flow is

induced due to the sinusoidal waves on the compliant
walls of the channel and the wave shapes are
described as follows:

y=1n(x,t) = i{dl +asin 27” (x— Ct)} 1)

In the above equation c is the wave speed, a
the wave amplitude and A the wavelength. The

governing equations for the problem under
consideration are
ou ov
—t—= 0, 2
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In the above equations U and v denote the
velocities in the x— and y— directions,
respectively, V> =0?/ox*+0%/oy®> , p
denotes the pressure, o is the electrical
conductivity of the fluid, 7z the elastic tension in
the membrane, m the mass per unit area, d the
coefficient of viscous damping, B the flexural
rigidity of the plate, H the spring stiffness, 7, the
couple-stress fluid parameter, ux the dynamic
viscosity and o the density.

We define the following dimensionless variables
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The problem statement in the dimensionless
variables is given by
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In the above equations
VZ=5%0%1ox* +0%1oy? , ¢ (=ald,)
the amplitude ratio * & (=d,;/A) the wave
number, Re (=cd, /v ) the Reynolds number,
M(= Bodl./o-/y) the Hartman number, y the
couple-stress fluid parameter and
E, (=} / 2*1c0) E, (=med; / 4° 1),
E;(=dd}/2%u), Eg(=Hd;/Acu)

non-dimensional elasticity parameters.
Denoting the stream function w (X, y,t) by

oy

are the

U=—",v=-— a—y/ (12)

oy’ OX
we can see that the equation of continuity (2) is
automatically  satisfied. Introducing stream

function in the flow problem and then applying
long wavelength and low Reynolds number
approximations, we obtain

3
v MV P ()
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with boundary conditions
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Equations (13) and (14) yield
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Solving equation (17) subject to the boundary
conditions (15) and (16), we have
w =C,sinhmy+C,sinh m,y+Ly, (18)
u=m,C, coshmy+m,C,coshm,y+L,
where
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RESULTS AND DISCUSSION

This section discusses the variations of different
emerging parameters on the axial velocity U and
stream function . The variation of Hartman

number (M) |,
tension in the membrane (El) , Mass per unit area

(Es)
flexural rigidity of the plate (E4), spring stiffness

(ES) and couple-stress parameter (7) are

examined. Fig. 1 elucidates the behavior of different
parameters involved in the axial velocity. Fig. la
shows that velocity decreases with an increase in
Hartman number M .

amplitude ratio (5) , elastic

(EZ) , coefficient of viscous damping
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Fig. 1(a). Variation of M on u when E =1;
E,=0.2; E,=05; E,=0.01; E,=0.01; ¢=0.2;

y=0.1; x=0.2;t=0.1.
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Fig. 1(b). Variation of y on u when E =1;
E,=02; E,=05; E,=0.01; E, =0.01; ¢=0.2;
M=2;x=02;t=01.

Fig. 1(c). Variation of & when E =1; E,=0.2;

E,=05;
x=0.2 t=0.1.

Fig. 1(e). Variation of compliant wall parameters when ¢ =0.2; y=0.2; M =2; x=0.2; t=0.1.
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Fig. 1(d). Variation of x when E, =1; E, =0.2;
E,=05; E,=001; E;=0.01; ¢=02; y=0.2;
M=2;t=0.1.
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Fig. 2. Streamlines for E, =1; E, =0.5; E,=0.1; E, =0.01; E, =1; £¢=0.18; t=0; »=0.02;
@: M=2;b): M=22.
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Fig. 3. Streamlines for E, =1; E, =0.5; E, =0.1; E, =0.01; E, =1; ¢=0.18;t=0; M =2;
(@): y=0.01; (b): »=0.03.
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Fig. 4. Streamlines for E, =1; E, =0.5; E,; =0.1;E, =0.01; E; =1; y=0.02;t=0; M =2;
(@): €=0.15; (b): £=0.18.
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Fig. 5. Streamlines for £ =0.18; M =2; »=0.02; t=0; (a): E,=0.7; E,=05; E,=0.1; E, =0.01;

E,=1; (b): E,=1; E,=05; E,=0.1; E,=0.01; E;=1; (c): E =0.7; E,=0.7; E,=0.1; E, =0.01;

E,=1; (d): E,;=0.7; E,=05; E;,=0.2; E,=0.01; E;=1; (e): E,=0.7; E,=05; E,=0.1; E, =0.005;
E,=1;(f): E=0.7; E,=05; E;=0.1; E,=0.01; E, =1.2.
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Hartman number is the ratio of magnetic force
to viscous force. Magnetic force being transverse
to the flow direction, causes resistance to the flow
and hence slows down the fluid motion. Fig. 1b
depicts that velocity increases by increasing the
couple-stress fluid parameter. Fig. 1c analyzes the
behavior of amplitude ratio & on axial velocity.
It is observed that by increasing the amplitude
ratio the axial velocity increases. This is due to the
fact that increasing values of the amplitude ratio
& correspond to an increase in the amplitude of
the wave across the channel which thereby
increases the fluid velocity within the channel.
Fig. 1d is sketched to perceive the behavior of
velocity distribution at different locations in the
channel. It is seen that the axial velocity increases
along the positive x— direction. The influences

of compliant wall parameters ( E, , E, , E; ,

E, and E; ) on the velocity can be captured
from Fig.le. It is observed that the velocity
distribution increases with an increase in E; and

E,. whereas it decreases when E,, E, and

E, are increased. These observations may be

inferred to the fact that increase in the elasticity of
the channel walls assists the flow whereas
damping and stiffness of the wall resists the flow.

Figs. 2-5 illustrate the behaviour of embedded
parameters on the stream function

Generally, the shape of streamlines is
analogous to the wave travelling along the walls
of the channel. Under certain conditions these
streamlines split and enclose a bolus which moves
along with the wave across the channel. The
circulation and size of the trapped bolus are
presented in these Figs. Fig. 2 shows the impact of
Hartman number or equivalently the magnetic
field on the streamlines. It is observed that the size
of trapped bolus and the number of circulations
decrease with an increase in M . Fig. 3 shows
that the size of bolus increases with an increase in
couple-stress fluid parameter y. Fig. 4 analyzes
the effect of amplitude ratio & on the stream
function. It is clear that size of the trapped bolus
and number of circulations are increased by
increasing the amplitude ratio ¢ . Fig. 5 is plotted
to examine the behavior of the wall elasticity
parameters. It is observed that the size of trapped

bolus increases by increasing E,;, E, and it
decreases by increasing E;, E, and E..
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CONCLUSIONS

In this article, MHD peristaltic motion of couple-
stress fluid is discussed in a compliant walls channel.
A closed form exact solution of the problem is
presented after applying long wavelength and low
Reynolds number assumptions. The effects of
different parameters on the axial velocity and
streamlines are thoroughly discussed. It is observed
that the axial velocity and the size of trapped bolus
decreases by increasing the Hartman number, wall
damping parameters and wall stiffness parameters,
whereas axial velocity and size of trapped bolus
increases by increasing the couple-stress fluid
parameter, amplitude ratio and wall elasticity
parameters. The present study finds an important
application in describing blood flow in arteries since
the rheological properties of blood can be adequately
described through the couple-stress fluid model.
Moreover, the human arteries and veins possess the
properties of elasticity, damping and stiffness which
are also taken into consideration in this work.
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OTHOCHO TOYHOTO PEHIEHUE 3A ITEPUCTAJITUYHO TEYEHUE HA ®JIYU]] CbC
CIIPETHATU HAIIPEXXEHVS U [IPOMEHJIMBU CBOMCTBA HA CTEHATA
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B tasu pabora ce pasriuexaa HEPUCTAITHYHOTO [BIKEHHE HAa EJIEKTPONPOBOAAIl (UIYHJ CBhC CHpErHATH
Hanpexxenust (couple-stress fluid) B kanam c¢bC cTeHH ¢ MPOMEHIIHBA TBBPIOCT. BbhBEICH € MaTeMaTH4YeH MOJEN 3a
JaMHHAPHO BBIHOBO TEUCHHE MPH rOJisAMa JBIDKHHA HA BBIHATa. IlONydeHO ¢ TOYHO peleHHe 3a Ge3um3MepHaTa
TokoBa ¢yHkuus. I[logpoOHO ca W3CHeABaHM pa3iWYHH MapaMeTpu, Kato umciaoro Ha Hartman number (M),
napaMeTbpa Ha CIperHaTd Hampexenus (y), mapamerpute Ha enactuanoctra (E1; E2; E3; E4; ES) u otHOlIeHHETO Ha
aMIUIUTYauTe (€) 4Ype3 pe3yNTaTHTe 3a CKOPOCTTa Ha TEUYCHUETO M TOKoBaTa (yHKIms. M3cienBaHeTo MoKas3Ba, 4e
CKOPOCTTa Ha TEYCHHETO CE MOBHIIIABA 3HAYMTEIIHO C HapacTBaHE HA MapaMeThpa Ha CHOPETHATUTE HAMPESIKCHHUS U Ce
MOHMKABA, KOTATO CE TIPHUIIOKH MArHUTHO TIOJIE.
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