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A counting polynomial C(G, X) is a sequence description of a topological property so that the exponents express

the extent of its partitions while the coefficients are related to the occurrence of these partitions. Omega, Sadhana and
Padmakar-lvan polynomials are extensive examples of counting polynomials which play an important role in
topological description of bipartite structures as well as counts equidistance and non-equidistance edges in graphs.

These polynomials count the quasi orthogonal cut (QOC) strips in graphs generated from bipartite chemical structures.

A Qoc strip defined with respect to any edge in a graph G(V, E), represents the smallest subset of edges closed

under taking opposite edges on faces.
In this article, we focus on counting polynomials of polyomino chains of different possible shapes. We derive the

exact formulas of omega, Sadhana and PI polynomials for 2-parametric 4-polyomino system Pnk for K>3,n>1. An
open problem is proposed for further research in this direction.
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INTRODUCTION AND PRELIMINARY
RESULTS

A k -polyomino system is a finite 2 -connected
plane graph such that each interior face (also called
cell) is surrounded by a regular 4k -cycle of length
one. In other words, it is an edge-connected union
of cells [12].

Counting polynomials are those polynomials
having at exponent the extent of a property partition
and coefficients the multiplicity/occurrence of the
corresponding partition. A counting polynomial is
defined as:

C(G,x) =Y m(G,c)x", (1)

Where the coefficient m(G,c) are calculable by
various methods, techniques and algorithms. The
expression (1) was found independently by Sachs,
Harary, Milic’, Spialter, Hosoya, etc [5]. The
corresponding topological index P(G) is defined
in this way:
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C(G) =C'(G,X)|,,= > .M(G,c) xC

A moleculer/chemical graph is a simple finite
graph in which vertices denote the atoms and edges
denote the chemical bonds in underlying chemical
structure. This is more important to say that the
hydrogen atoms are often omitted in any molecular
graph. A graph can be represented by a matrix, a
sequence, a polynomial and a numeric number
(often called a topological index) which represents
the whole graph and these representations are
aimed to be uniquely defined for that graph.

Two edges e=uv and f =xy in E(G) are
said to be codistant, usually denoted by e co f , if
d(x,u) =d(y,v)

and

d(x,v) =d(y,u)=d(x,u)+1=d(y,v)+1

The relation “CO " is reflexive as € CO € is true
for all edges in G, also symmetric as if e co f
then f co e for all e, f € E(G) but the relation

“C0 " is not necessarily transitive. Consider
C(e)={f €E(G): f coe}
If the relation is transitive on C(e) also, then
C(e) is called an orthogonal cut “co " of the graph
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G. Let e=uv and f =xy be two edges of a

graph G, which are opposite or topological
parallel, and this relation is denoted by eop f . A
set of opposite edges, within the same face or ring,
eventually forming a strip of adjacent faces/rings, is
called an opposite edge strip ops, which is a quasi-
orthogonal cut qoc (i.e. the transitivity relation is
not necessarily obeyed). Note that “C0" relation is
defined in the whole graph while “0p ™ is defined
only in a face/ring.

In this article, G is considered to be simple
connected graph with vertex set V (G) and edge set
E(G), m(G,c) be the number of ops of length C,
e =| E(G) | is the edge set cardinality of G .

The omega polynomial was introduced by Diudea
et al. in 2006 on the ground of op strips. The
omega polynomial is proposed to describe cycle-

containing molecular structures, particularly those
associated with nanostructures.

Definition 1.1. [1] Let G be a graph, then its
omega polynomial denoted by Q(G,x) in X is
defined as

Q(G,x) = > m(G,c)xx°

The derivative of omega polynomial at x =1
for any bipartite graph is equal to its edge set
cardinality.

The Sadhana polynomial is defined based on
counting opposite edge strips in any graph. This
polynomial counts equidistant edges in G .

Definition 1.2. [6] Let G be a graph, then
Sadhana polynomial denoted by Sd(G,x) is
defined as

Sd(G,x) = > m(G,c)x x*°

The PI polynomial is defined based on counting
opposite edge strips in any graph [10]. This
polynomial counts non-equidistant edges in G .

Definition 1.3. [11] Let G be a graph, then PI
polynomial denoted by PI (G, x) is defined as

PI(G,x)=>m(G,c)xCx X

Ashrafi et al. computed Sadhana polynomial of V-
phenylenic nanotube and nanotori.

Theorem 1.1. [2] Let G be the graph of V-
phenylenic nanotube, then Sadhana polynomial of

G is,
Max{m,n}-1 ) )
SA(G,x)=4 > XFOEF L 2(In—m|+1)xEE2MHn

i=1

nxE©I-2m (m _1)X|E(G)I—2m + (n _1)X|E(G)I—n

All nanotubes are allotropes of carbon and are a
type of fullerene. Imran et al. [9] computed omega
and Sadhana polynomials of H-Naphtalenic
nanotube.

Theorem 1.2. [9] The omega polynomial of H-
Naphtalenic nanotube NPHX[m,n], V m,neN
IS:

[0

& n
7+4Y x¥ +2(n-2m+1)x*", m<[—]
Q(NPHX[m,n], x) = .Z:l: 2

1
n+4y x* +2(@2m-n+1)x*",  m> LEJ
i=1

where 77 = nx®™ +mx*" +(n—1)x*".
The Sadhana polynomial of NPHX|[m,n],
v mneN is.

2
2

n+4 Z XIM=2N-2 4 9 om 1)xSON < L%J
i=1

SAd(NPHX [m, n], x) =

-1
q+4lesmn72m72| +2(m—n4 1)) g L%J
i=1

where
77 - r])(15mn—5m + leSmn—Zm—Zn + (n _1)X15mn—4m

The preceding results are used to compute their
corresponding topological indices which provides a
good model correlating the certain physico-
chemical properties of these carbon allotropes.

RESULTS AND DISCUSSION

In this paper, we compute omega, Sadhana and
PI polynomials of polyomino chain system P’ for
k=1,2,3,...,6. By using these results, we present
our main results of counting polynomials for
polyomino chain system Pnk for k>3,n>1.

Imran et al. [8] studied some degree based
topological indices of the polyomino chains. For
further study of these polynomials their topological
indices and various nanotubes, consult [3, 4, 9, 13,
14, 15]. These polynomials are used to predict
various physico-chemical properties of certain
chemical compounds.

Polyomino chains

A polyomino system is a finite 2-connected
plane graph such that each interior face (or say a
cell) is surrounded by a regular square of length
one. In other words, it is an edge-connected union
of cells in the planar square lattice. This polyomino
system divides the plane into one infinite external
region and a number of finite internal regions
where all internal regions must be squares. A
polyomino chain is a polyomino system, in which
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the joining of the centers of its adjacent cells
(regular squares) forms a path c,c,,...,C,, where

R

c, is the center of the i-th square. Such a

polyomino chain is denoted as B, . A square of a

polyomino chain has either one or two neighboring
squares. If a square has one neighboring square, it
is called terminal, if it has two neighboring squares
having no vertex of degree 2, it is called medial,
and if it has two neighboring squares such that it
has a vertex of degree 2, it is called kink. Every
polyomino chain of dimension n has a unit such
that it contains n number of units [16].

Fig. 1. A 2-polyomino system which is a zig-zag
chain of 8-cycles.

Theorem 2.1.1. [7] Consider the graph of 2-
polyomino system depicted in Figure 1. Then:
Q(X)=(@4n—-1)x®+(8n +2) x* and Sd(x) = (4n —
1) X28n—2+ (8n + 2) X28n—1.

We denote the polyomino chain system by Pnk,
and k=k'+m+t, where k' is the number of
kinks, m is the number of medials and t is the
number of terminals in a unit of polyomino chain.
Figure 2 depicts the different polyomino chains

with their units as dotted part. We call |, z,, C
k,, r. and h the polyomino chains P* for

k=12345 and 6 respectively. Now we

compute omega polynomial of these chemical
graphs which count equidistance edges in these
graphs.

Theorem 2.1.2. The omega polynomial of P
for k =1,2,3,4,56 is equal to:
Q(l,,x) = x"" +nx’
Q(z,,x) =2x* +(2n-1)x°
Q(c,,x) = (n+1)x* +(n+1)x* + (n—-1)x*
QK ,x) = (2n+1)x* +nx® + x* +(n-1)x°
Q(r,,x) = Bn+1)x* +nx® +x° + (n-1)x°

n’ n’
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Q(h,,x) = (@n+1)x* +nx® + x® + (n-1)x’
Proof. Forl

The polyomino chain | is a linear chain of
squares as shown in Figure 2. The number of edges
in this chain graph is 3n+1. There are two types of
ops in |, there are n qoc strips of length 2 and
one strip of length n+1. Since

Q(G,x) = > m(G,c)xx°
C

Q(l,,, x) =nx* +x"*
Forz,:

The chemical graph z_ is a zig-zag chain of
squares as shown in Figure 2. The number of edges
in this chain graph is 6n+1. There are also two
types of ops in z,, there are 2 qoc strips of length 2
and 2n—1 strips of length 3. Since

Q(G,x) =Y m(G,c)xx°
C

Q(z,,x) = 2x* +(2n-1)x°
Forc,:

The polyomino chain ¢, is a polyomino chain
P* with k =3 shown in Figure 2. The number of
edges in this chain graph is 9n+1. This chain of
dimension n has three types of qoc strips in c,,

there are n+1 strips of length 2, n+1 strips of
length 3 and n—1 strips of length 4. Now
Q(G,x) = > m(G,c)xx°

Q(c,,x) = (n+1)x* +(n+1)x* + (n-1)x*
Fork,:
The number of edges in this chain graph is
12n+1. This chain of dimension n has four types
of qoc strips in k., there are 2n+1 strips of length

2, N strips of length 3, one strip of length 4 and
n—1 strips of length 5. Now
Q(G,x) = > m(G,c)xx°

Q(k,,x) = (2n+1)x* +nx® +x* + (n-1)x°
Forr,:
In polyomino chain r_, there are 15n+1 edges

and four types of strips. There are 3n+1 strips of
length 2, n strips of length 3, one strip of length 5
and n—1 strips of length 6. We know

Q(G,x) =Y m(G,c)xx°
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Q(r,,x) = Bn+1)x* +nx® +x° + (n-1)x°
Forh,:
The polyomino chain h. contains 18n+1

edges and four types of strips. There are 4n+1
strips of length 2, n strips of length 3, one strip of
length 6 and n—1 strips of length 7. We know

Q(G,x) = > m(G,c)xx°

Q(h,,x) = (4n+1)x* +nx® + x°® + (n—1)x’

O
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Fig. 2. Different polyomino chains.
In the following theorem, the Sadhana

polynomial of Pnk for k=1,2,345 and 6 is
computed.
Theorem 2.1.3. The Sadhana polynomial of Pnk
for k =1,2,3,4,5 and 6 is as follows:
Sd(l_, x) = nx*"t 4+ x*"
Sd(z,,x) = 2x°"* +(2n—-1)x°*"?
Sd(c,, X) = (N+1)x*" ™ + (n+1)x*"2 + (n—1)x°"°
Sd(k,, X) = (2n+1)x"*" ™+ nx?"? 4 x4 (n—1)x
Sd(r,,x) = (3n+1)x*" ! +nx®" % + X" + (n-1)x*"°
Sd(h,,x) = (4n+1)x**"" + nx**" 7 + x4+ (n-1)x*"°

The proof of this theorem is on the same lines as
in case of omega polynomial, so we skip this proof.

Now we compute Pl polynomial of Pnk for
k=123456.

Theorem 2.1.4. Consider the polyomino system
P for k=1,2,345 and 6. Then their PI
polynomials are:

PI(l,x)=2nx>"" + (n+1)x*"
Pl(z,,x)=4x*""+(6n—-3)x*"?
PI(c,,X) = (2n+2)x*"" +(3n+3)x*"* + (4n—4)x*"®
PI(K,, X) = (4n+2)x""* +3nx""? + 4x""3 4 (5n —B)x "
PI(r,, X) = (6n+2)x"" ™" +3nx""? + 5x*"* + (6n — 6)x**"°
PI(h,,x) = (8n+4)x"" " +3nx"*"? +6x*"° + (7Tn - 7)x"*"®

The proof of this result is also skipped due to
similarity with proof of omega polynomial.

Polyomino chain system P

In this section, we deal with polyomino chain
system Pnk with two defining parameters k and
n, where Kk is the sum of the number of kinks and
number of terminals in a unit of any particular

polyomino chain and n is the defining parameter
of the chain i.e. dimension. Figure 3 shows the

polyomino chain system Pnk, with arbitrary

defining parameters. The number of edges in Pnk is
3kn+1.

e

€3

- 2
-ll

LJ_I_VU_HEDnD:H

ey Y

Fig. 3. General representation of Pnk .

Table 1. Number of quasi-orthogonal strips in Pnk
for k>3, n>1.

Tvoes of Tvpes of Number of
ypes yp co-distant ~ No of goc
qoc’s edges
edges
C. e 2 (kn-2n+1)
C €2 3 :
Cs & k 1
Cs €4 k n-1

There are four types of goc strips in Pnk shown
in Table. In the following theorem, the omega
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polynomial of Pnk is computed.

Theorem 2.2.1. The omega polynomial of P
with k >3, n>1, is as follows:

Q(PX,x) = (kn—=2n+1)x* + nx® + x* + (n—1)x**
Proof. Let G be the graph of polyomino chain
system P with k>3, n>1. Table 1 shows the

number of co-distant edges and number of goc in
G . The quasi-orthogonal cuts and starting edges of
strips are depicted in Fig 2. By using Table 1, the
proof is mechanical. Now we apply formula and do
some calculation to get our result.

Q(G,x) = > m(G,c)xx°

Q(G, x) = (kn—2n+1)x* +nx® + X + (n—1)x**
O
Now we compute Sadhana polynomial of Pnk

for k>3, n>1. Following theorem shows the
Sadhana polynomial for this family of polyomino
chains.

Theorem 2.2.2. Consider the graph of Pnk with

k>3, n>1. Then its Sadhana polynomial is as
follows:

Sd(PX, x) = (kn—2n+1)x*" " + nx®2 4 x4 (n—1)x**
Proof. Consider the graph of Pnk with k>3,

n>1. We prove it by using Table 1. We know that
Sd(G,x) =Y m(G,c)xx**

SA(PY, x) = (kn—2n+1)x*"* 4+ nx¥"2 4 x4 (n —1)x**

O
Next we compute Pl polynomial of this
polyomino chain system. Following theorem

explains the Pl polynomial of this family of
polyomino chains.

Theorem 2.2.3 Consider the graph of P* with
k >3, n>1. Then its Pl polynomial is as follows:

PI(PF,x) = 2(kn—2n+1)x%*"* 4 3nx®*"2 4 x<7*2  (n—1)x¥*

Proof. Let G be the graph of P* with k >3,

n>1. We prove it by using data given in Table 1.
We know that

PI(G,x) =) m(G,c)xCx X"

PIL(Pf,x) = 2(kn—2n+1)x%*"™" 4+ 32 4+ x4 (n—1)x**

O
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Open Problem

Investigate C(G,x) for
polyomino system P*(n), where k =k'+m+t,

and r is the number of squares between kinks
inclusively in a unitand n is the dimension.

3-parametric  4-

CONCLUSION AND GENERAL REMARKS

In this paper, three important counting
polynomials called omega, Sadhana and Pl are
studied. These polynomials are useful in
determining omega, Sadhana and Pl topological
indices which play an important role in
QSAR/QSPR study. These counting polynomials
play an important role in topological description of
bipartite structures as well as counts equidistance
and non-equidistance edges in graphs. In this paper,
we studied these polynomials for polyomino chains
or conducted the counting of qoc strips in these
bipartite chemical graphs alternatively. An open
problem is proposed for study of polyomino chains
and Kk -polyomino system.
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BBPXY BPOMHU ITOJIMHOMMU HA HSKOU ITOJUMWHO BEPUTU
M. Umpan?, C. Xaar?"

L lenapmamenm no mamemamuxa, Yuunuue no npupoouu nayku, Hayuonanen ynusepcumem no nayka u
mexnuxa, cekmop H-12, Hcaamabao, Haxucman

2 Vuunuwe no mamemamuyecky nayxu, Ynusepcumem no nayxka u mexnuxa na Kumaii, Xegeri, Auxyii, Kumaii

Honyuena na 24 anpun 2015 2.;npepabomena na 20 oxmomepu 2015 .

BpOﬁHHﬂT IIOJIMHOM C(G,X) ¢ nopeauna, omnvceBalla TOIOJIOTnIHO CBOﬁCTBO, TaKka 4€ CTCIICHHUTEC ITOKa3aTCIIn

n3pa3aBaT pa3MEpPHTE Ha HETOBUTE [SUIOBE, JIOKATO KOE(UIMEHTHUTE ca CBBP3aHM C YECTOTaTa Ha TE3H JSIIOBE.
[Momauomure Q, Ha Sadhana m Padmakar-lvan ca pasmuperd npumepu Ha OpoWHH HOJMHOMH, KOUTO HUTPasT BaKHA
pOJIs B TOMOJOTMYHOTO IHCAaHUE HA JABYICIHH CTPYKTYPH, KakTO WM B NpeOpOSIBAHETO Ha EKBUAWUCTAHTHU U HE
eKBUAMCTAHTHU pebpa Ha rpadu. Tesu momuHOME TpeOposBat kBasuoproronanaute otpesnn (KOO) nentu B rpadw,
TeHepUpaHU OT JABYJIeNHH XuMuuecku cTpyktypu. KOO nenTa, nedmHupaHa 1o OTHOIIEHHE HAa KOoe U jJa € pedpo Ha
rpada G(V,E), npeicTaBisiBa Haii-MajkaTa MOATpyHa oT pedpa, 3aTBOPEHH IIpU B3eMaHe Ha IIPOTUBOIOJIOKHU pedpa
BBPXY JHILATA.

B Tasu crarums, Hue ce Qokycupame BbpXY OpOWHHUTE MOJMHOMH Ha IOJMMHHO BEPHT'H OT PA3IMYHH BB3MOXHHU
¢dopmu. Hue usBexaame tounute Gopmyin Ha nonmHomute omega, Ha Sadhana u Pl 3a 2-napamerpudna 4-moJuMHHO

k
cuctema Py 3a k >3,n>1. [Tpeioskena e OTBOpPeHa 3a/1a4a 3a MO-HATATBIIHI M3CIIEABAHHS B TA3U MOCOKA.
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