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Convective heat transfer of viscous fluid over a stretching sheet embedded in a
thermally stratified medium

T. Mahmood?, J. Ahmed?", A. Shahzad?, R. Ali%,Z. Igbal*

!Department of Mathematics, Faculty of Sciences, HITEC University, TaxilaCantt, Pakistan
2Department of Basic Sciences, University of Engineering and Technology, Taxila 47050 , Pakistan
SUniversity of Central Asia, 722920, Naryn, Kyrgyzstan

Received August 17, 2015; Accepted September 7, 2015

In this article we have investigated the heat transfer of an electrically conducting viscous fluid over a porous stretching
sheet in a thermally stratified medium. The governing non-linear partial differential equations are reduced to ordinary
differential equations using appropriate similarity transformations. The resulting ordinary differential equations are then
solved in the form of a confluent hyper-geometric function for an exact solution. The developed exact solutions of the
velocity and temperature fields are graphically sketched and examined for various values of pertinent parameters
including the Prandtl number, stratification parameter, suction/injection parameter and the magnetic parameter. The skin
friction coefficient and the local Nusselt number are tabulated and thoroughly discussed.
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INTRODUCTION

The study of the boundary layer flow on a
stretching sheet has been done by a large number of
researchers during the last few decades with the
aidof significant applications of industrial and
technological processes. To name a few; these
applications include manufacturing of glass fiber,
drawing plastic films and wires, the condensation
process, crystal growing polymer extrusion and
others. These processes are highly dependent on the
subject of heat transfer of stretching surfaces. In his
ground breaking work, Sakiadis [1] presented the
studies on the boundary flow layer over
continuously moving surfaces and obtained the
numerical solution. Natarjaet al. [2]obtained the
closed form solution for the boundary layer flow of
walters’ B-type fluid, over a stretching sheet for the
heat transfer and obtained the coefficients of skin
friction. Meanwhile, Crane [3] provided the closed
form solution for the boundary layer flow of a
stretching sheet. The heat transfer in hydrodynamic
flow of viscoelastic fluid over a stretching sheet was
analyzed by Char [4]. Liao [5]studied the analytic
solution of unsteady boundary layer flows caused by
an impulsively stretching plate. Khan and
Sanjayanand [6]presented the analytic solution for
the heat transfer of visco-elastic boundary layer flow
with viscous dissipation. Devi and Ganga [7]bring
into account the non-linear MHD flow in a porous
medium over a stretching porous surface including
the effects of viscous dissipation. Abel et al. [8]have

* To whom all correspondence should be sent:
E-mail: j.ahmedgqau@gmail.com

investigated the heat transfer over a stretching
surface for second grade fluid through porous
medium with viscous dissipation and a non-uniform
heat source/sink. Cortell [9] investigated the flow
and heat transfer through a porous medium over a
stretching surface with heat generation/absorption
and suction/blowing. Hayat et al. [10]provided the
analytic solution for the axi-symmetric flow and
heat transfer of second grade fluid past over a
stretching sheet. Xu and Liao[11]considered the
unsteady MHD flows of non-Newtonian fluids over
impulsively a stretching plate. In another related
article Cortell[12]studied MHD flow heat transfer of
visco-elastic fluid by considering the effects of
viscous dissipation.

Thermally stratified flows are of significant
interest because of their importance in
thermo-hydraulics, volcanic flows, geothermal
systems and also in industrial thermal processes.
Stratification of a medium arises due to temperature
variation which resultsin density variationof the
medium. Stratification may also arise due to the
presence of different fluids so that a stable situation
arises when the lighter fluid lies over the denser one.
Keeping in view these applications of stratified
mediums several studies have been carried out.
Hayat et al. [13]studied the thermally stratified flow
of third grade fluid over a stretching sheet including
radiation. Kandasamy and Khamis [14]discussed the
effect of thermal stratification on heat transfer across
a porous vertical stretching sheet. Ishak et
al.[15]studied the mixed convection flow to a
vertical plate in a thermally stratified medium.
Mukhopadhyay and Ishak [16]examined mixed
convection flow along a stretching cylinder in a
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thermally stratified medium. MHD boundary layer
flow and heat transfer over an exponentially
stretching sheet in a thermally stratified medium
have also been investigated by the same author
Mukhopadhyay [17].

It is clear that the suction/injection of fluid can
play a significant role in changing the flow field.
Roughly speaking, suction tends to enhance the skin
friction, whereas injection acts in the opposite
manner. These processes have great importance in
many engineering activities like the design of thrust
bearing and radial diffusers, thermal oil recovery
and many more.

In manufacturing processes the properties of the
final product highly depend on the rate of cooling. In
this scenario, an electrically conducting fluid proves
to be beneficial for industrial application. The
applied magnetic field may play a key role in heat
transfer and momentum of the boundary layer flow.
Keeping all these factsin view, recently Chen [18]
examined the analytic solution of MHD flow and
heat transfer for two types of visco-elastic fluid over
a stretching sheet, also bring under consideration the
energy dissipation, internal heat source and thermal
radiation. Liu [19] presented an analytic solution for
heat transfer of second grade MHD flow subject to
the transverse magnetic field across a stretching
sheet with power law surface heat flux. Shahzad and
Ali [20, 21] contributed a couple of articles on an
approximate solution for MHD flow of a
non-Newtonian Power law fluid over a vertical
stretching sheet with convective boundary
conditions and radiation effects, respectively. Kar et
al. [22]studied the heat and mass transfer effects on
dissipative and radiative visco-elastic MHD flow
over a stretching porous sheet.

The exact solution for the flow problem with heat
transfer is highly demanding in many research areas.
The exact solutions are handy to compare with the
numerical counter parts in the study of several flow
problems. The purpose of the present study is, to
give the exact solution of fluid flow and heat transfer
of an electrically conducting viscous fluid over a
stretching sheet in a thermally stratified medium
with suction/injection. We derived a closed form
analytic solution in the form of a confluent
hyper-geometric  function for non-dimensional
velocity and temperature profiles. The skin friction
coefficient and heat flux at the wall with a constant
wall temperature are brought into account. The
influence of different non-dimensional parameters
like the Prandtl number, magnetic number,
stratification ~ parameter and the  surface
suction/injection are graphically discussed with
respect to velocity and temperature profiles.

MATHEMATICAL FORMULATION

We consider the steady two-dimensional
boundary layer flow of an incompressible
electrically conducting viscous fluid, which is
passed over a stretching sheet in the presence of a
magnetic field coinciding with the plane y =0.The

flow is generated due to linearly stretching of sheet
by applying two equal and opposite forces along the
X —axis keeping the origin fixed as observed in

figure (1) . A variable magnetic field B, is applied
normal to the sheet. It is assumed that the surface
temperature of the sheetis T, (X) =T, +a(*)*and
is embedded in a thermally stratified medium of a
variableambient  fluid temperatures T =
T, +b(*)* where T, >T, , T, is the reference
temperature,a >0, b >0 are constants.

Boundary layer
B,

r 1.1 1 1T 1 y
LD DD el ]

1
Uy ——»

Fig. 1.Sketch of the physical problem.

Under these assumptions the steady state
boundary layer equations governing the flow and
heat transfer of viscous fluid are

—+

X X0,
oX 0O

or  aT _ k o°T
U—+v—=——, (3)

ox oy pc, oy
where X and y are the directions along and

perpendicular to the sheet respectively, withu and
v the velocity components along the x and y

directions, respectively, T the temperature of the
fluid , v the kinematic viscosity, p the density of

the fluid, o the electrical conductivity, B, the
applied magnetic field and ¢, is the specific heat at
constant pressure. The corresponding boundary
conditions for the momentum equation are
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u=U =EXx
u—0asy— o,

v=-v, at y=0,
4)

where E > 0 is called stretching rate, v, > Qis the

velocity of suctionand v, <0 is the velocity of

injection. To facilitate the analysis we introduce the
following transformations:

u=Uf'(n), v=—JEuf(y), n=\/§y,(5)

clearly u and v satisfy Eq. (1), here f(7)is the
dimensionless stream function, 7 is the similarity
variable and denote the differentiation with respect
to n . Making use of Eqg. (5) in Eq. (2) the
following third order non-linear differential
equation is obtained:

f"—f2+ff"-M_f'=0, (6)

where M | = ":LEZ , is the Magnetic parameter.

Similarly the boundary conditions in Eq. (4)can

be written as:
f'(n) =1,
f'(n) > 0asn — o,

f(n)=S =0,
(7) atn @

N
injection) parameter.

Lawrence and Rao [23] presented a general
method and obtained an all non-unique solution of
the modified Eq. (6) . Recently Taha et al.[24] have
discussed a unified compatibility method for the
exact solutions of non-linear flow models of
Newtonian and non-Newtonian fluids, we consider
the following solution:

£(7) =S+%(1—e><p[—ﬂf7]), ®)

where S =

>0( or <0) is the suction (or

2
where B = NS iy 52 4404 M, )20,
The physical quantities of interest are the skin
friction coefficient C, and the local Nusselt number

N, defined as:

T Xq
Ci=—~, N, =—"—, 9
oyt KT, -T) ©
where 7, = /J(%“ly:o is the wall shear stress and
qW:—k(%nyo the wall heat flux. In terms of

dimensionless variables defined in Eq. (5) we can
write:
Re?C, =1f"(0), Re™?N,=-6'(0), (10)

where Re = %% is the local Reynolds number.
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SOLUTION OF THE HEAT TRANSFER
EQUATION

In order to solve the governing heat transport Eq.
(3),we consider the boundary with a prescribed

surface temperature (PST). In this case we employ
the following surface boundary conditions on
temperature:

T=T,(x)=T, +a(X)? at y=0,
: (11)
T :Too(x)zTo+b(|5)2 as y—> o,

whereT,, andT_ are the temperatures at the wall

and far away from the wall, respectively and T, is
the reference temperature. In order to obtain the
similarity solution we define the non-dimensional
temperature variables as:

T-T
9(n)=T =.(12)

Making use of the transformations (5) and (12),

we obtain the following non-dimensional form of
temperature Eq. (3) as:

0" +Pr(f0 —210) = 2StPr ', (13)

where inthe non-dimensional parameters Pr= pck””

the Prandtl number and St=§ is the stratification

parameter. We note that St>0 for a stably
stratified environment and St = O corresponds to an
unstratified environment.
Thenon-dimensional form of the boundary
conditions in Eq. (11) is:
0=1-St at =0,
0—>0 as n—oowo
Following the introduction of a new variable
&= —%exp(—ﬂn), Eg. (13) becomes:
d’e
4 42
4
and the boundary conditions presented in Eq. (14)
reduce to:
0(&)=1-St at &=-Pr7,
0(&)=0 at £=0,
where Pr’ = % is the modified Prandtl number.

Equations (15) and (16) constitute a

non-homogenous boundary value problem. Let us
decompose the temperature £(&) into two parts:

0(¢) =0.(5) +6,(5), (17)

(14)

+(1- Pr*—§)3—§+ 20=-2St, (15)

(16)
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where 6, (&) stands for the complemenrty solution
and 6, (&) isaparticular solution. The closed form
particular solution is given by:

0,(&) =-St. (18)

The complementary factor 6, (£) can be written

in the form of a confluent hyper-geometric function
[25] as:
0,(£) = AM[-2, 1-Pr", £]+BE™ M[-2+Pr*, 1+Pr", &]

(19)
where M is the Kummer's function defined as:

o n
M(a,b,2) =1+ Ehl
= (b.),n!
n=1l n (20)
(@), =a(@ +)(@ +2)---(a +n-1),
(0,), =b,(b, +)(b, +2)--- (b, +n-1).
The solution of Eq. (15), subject to the boundary
conditions of Eq. (16) is determined to be:

o) =
StM[-2, 1-Pr*, &1+
1-StM[-2, 1—Pr*, —Pr*]
(=Pr )" M[-2+Pr*, 1+ Pr*, —Pr’]

}gF"’M[—u Pro, 1+Pr, & -st.

21
The temperature profile interm of 7 is giveg b3
O(n) = StM[-2, 1-Pr*, —Pr* exp(-Bn)] +
{1— StM[-2, 1-Pr*, —Pr'] }X
M[-2+Pr", 1+Pr", —Pr’]
exp(=BPr*n) M[-2+Pr*,
1+Pr*, —Pr*exp(-An)]-St.

(22)

The derivative of the Kummer's function
M(a,,b,,z) with respectto z is given by:

d M[a,,b,,z]= (a°)” M[a, +n,b, +n, z].
dz" (b,),

The dimensionless wall temperature gradient is
obtained from Eq. (22)

—2StBPr
1-Pr’
_(1-SM[-2,1-Pr', -Pr'] | (23)

M[-2+Pr*, 1+ Pr*, —Pr’]
{—ﬁpf“*”‘) M[-1+Pr', 2+Pr, —Pr*]}

0'(0) = M[-1, 2—-Pr*, —Pr*]

1+Pr*

+ BPr*M[-2+Pr*, 1+Pr*, —Pr’]

GRAPHICAL RESULTS AND DISCUSSION

Momentum and heat transfer in a boundary layer
flow of a viscous fluid over a stretching sheet in a
thermally stratified medium have been discussed in

this article. The governing non-linear partial
differential equations have been reduced to a set of
non-linear ordinary differential equations. The exact
solutions are developed for the reduced problem in
terms of the Kummer's function. In order to have a
clear insight of a physical problem, the influence of
various pertinent parameters on velocity and
temperature profiles are shown graphically through
figures (2—9). Figures (2a,2b) depict the
influence of the magnetic parameter M on the
velocity profile f'(#) for both suction/injection S

cases. It is observed that the velocity profile f'(7)
decreases with an increase in the values of the
magnetic parameter M for both suction/injection
parameters S . The boundary layer thickness also
decreases here. The variation of suction/injection
parameter S on the velocity profile f () is shown
in figures (3a,3b). The velocity profile f'(7)

decreases in the case of the suction parameter
(S >0), while the opposite behavior is noticed in
case of injection (S <0). Figures ( 4a,4b) are
plotted to see the effects of the Prandtl number Pr
on the temperature profile €(r7) in the presence of

suction/injection parameter S. It is obvious from
these figures that an increase in the Prandtl number
Pr results in a decrease in the temperature profile
6(n) for bothcases suction (S >0) and injection
(S <0), however this decrease in the temperature
profile &(n) is more prominent in the case of
suction (S >0). The influence of the suction
/injection parameter S on the temperature profile
A(n7) is displayed in figures (5a,5b). These
figures show that by increasing the suction
parameter (S > 0) the temperature profile 6(z)
increases while an adverse behavior is observed in
the case of injection (S <0).
In order to see the effects of the stratified medium
St on the temperature profile @(77) in the
presence of the suctions/injection parameter S
figures (6a,6b)are plotted. These figures illustrate
that the temperature profile &(77) decreases as the
stratification parameter St increases for both
suction/injection parameters S . As the increase in
the stratification medium St implies an increase in

ambient fluid temperature or a decrease in the
surface temperature, which results in a decrease of
the thermal boundary layer thickness.
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Fig.2. Variation of velocity profile f’(7) with 7 for several values of magnetic parameter M

the suction/injection parameter S.
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Fig. 3. Variation of the velocity profile f’(77) withz for several values of the suction/injection parameter S.
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Fig. 4.Variation of the temperature profile H(U)With n for several values of the Prandtl number Pr.

10 T T T T T 10 T T T T T
Pr=07, M=1, St=102 Pr=07, M =1, St =02
0.8 B 0.8k ]
Q.6 4 0.6 ]
S § =00, 05 10, 1.5 B § =00, -0.5 -L0, -1.5
T sl T oal 1
0.2F 02k 4
ool ool
o 2 4 § 3 10 [ 2 4 J ] 1o
7 7
5a 5b

Fig. 5.Variation of the temperature profile H(U)with n for several values of the suction parameter S.
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Fig. 6.Variation of the temperature profile g(;;) with 7 for several values of the thermal stratification parameter St

inthe presence of suction/injection s,
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Fig. 7. Variation of the temperature gradient¢'(;) with7 for several values of the Prandtinumber Pr.
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Fig. 8.Variation of the temperature gradient ¢'(7) with# for several values of the suction/injection parameter S.
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Fig. 9.Variation of the temperature gradient 9'(77) with 7 for several values of the thermal stratification parameter

St.
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The influence of the Prandtl number Pr on the
temperature gradient 9’(77) in the presence of
suction/injection S is displayed in figures (7a,7b) _

From these figures it is observed that initially an
increase in the Prandtl number Pr results in a
decrease in the temperature gradient 6'(17). It is also

observed that the temperature gradient 49’(17)starts
increasing after a certain distance 7 from the
surface. Moreover this effect is more prominent in
the case of injection (S < 0). From figures (8a,8b) it
can be seen that by increasing the suction parameter
(S >0) the temperature gradient 9’(17) increases

up to a certain distance from the surface and then
decreases. Quite the opposite behavior is observed in

the case of injection (S < 0). To analyze the effect
of the stratification parameter St on the temperature
gradient the figures (9a,9b) are plotted. It is
noticed that the temperature gradient 0'(n)
increases with an increase in the stratification
parameter St for both suction andthe injection
parameter S . Furthermore, it is also observed that
this increase is more prominent in the case of
injection (S <0).

Table 1. Values of the skin friction coefficient C,

ReY? = f"(0) for several values of the material
parameters.

M S -0
00 05 1.28078
0.5 1.50000
1.0 1.68614
05 -1.0 0.822876
~05  1.00000
00 122474
05  1.50000
10  1.82288

Table 1 is displayed in order to see the effect of
the  magnetic parameter M and the
suction/injection parameter S on the skin friction
coefficient. We can see that by increasing the values
of the magnetic parameter M and the
suction/injection parameter S , the values of the skin
friction coefficient increase. Table 2 shows the
effect of the Prandtinumber Pr, suction/injection S
and  stratification  parameter St on the
dimensionless heat transfer rate at the wall. It has
been observed that the increase in thePrandtl number
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Pr and stratification parameter, St results,an
increase in the dimensionless heat transfer rate at the
wall. While increasing values ofsuction/injection
parameter S decreasesthe dimensionless heat
transfer rate at the wall.

Table 2.Values of the Nusselt number N

u
Re™? =—-@'(0) for several values of the material

parameters for M =1.

Pr S St -6(0)
05 05 02 0640382
0.7 0.831958
1.0 1.08195
07 05 00 0.87966
0.2 0.831958

0.5 0.760405

07 -1.0 02 1.02462
~05 0.969256
0.0 0.904259

0.5 0.831958

1.0 0.756596

CONCLUDING REMARKS

In this contribution, we have articulated the exact
solutions of a viscous fluid over a stretching sheet in
a thermally stratified medium in the presence of a
magnetic field. The modeled non-linear partial
equations were transformed into a system of
non-dimensional ordinary differential equations
using appropriate transformations. The exact
solutions were found in the form of confluent
hyper-geometric functions (Kummer's function).
The influence of pertinent parameters on the
velocity and temperature profiles were shown
graphically and discussed in details. Numerical
values concerning the skin friction coefficient and
Nusselt numbers with several respective parameters
were provided in tabular form.
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KOHBEKTHBHO TOIUIOIIPEHACAHE BbB BUCKO3EH ®JIYU HAJl PASTETHAT JIUCT,
I[TOCTABEH B TEPMNYHO EJJHOPOJJHA CPEJIA

T. Maxmyn?, x. Axmen?”, A. lllaxzan?, P. Amu®, 3. Mk6ant

Y lenapmamenm no mamemamuxa, Hayuen paxysmem, Ynusepcumem HITEC, Taxcura Kanm, Haxucmarn
2 Tenapmamenm no ocrnosénu nayku, Texnonoeuuno-unoicenepen yuueepcumem, Taxcuna 47050, Iaxucman
[lenmpanno-asuamcku ynueepcumem, Buwixex, Kupeuscman

[Toctenuna Ha 19 aBryct, 2015 r.; npuera Ha 7 centemBpy, 2015 .
(Pestome)

B Ta3u craTus HEE H3cIeaBaxMe TOIUIONPEHACSHETO B €IEKTPOIPOBOIAI BUCKO3EH (QUIyn I HaJl pa3TerHAT IIOPhO3CH
JHUCT B TEPMUYHO €IHOpOIHA cpena. He-nuHeliHWTE YacTHH IudepeHINatHy ypaBHEHUS Ha MIPEHOca ca CBEICHU J0
OOMKHOBEHH C TTOMOIITA HAa aBTOMOJENHN TpaHcdopmanuu. [loydeHnTe 0ONKHOBEHN udepeHInantHl ypaBHEHHS ca
pEIIeHN TOYHO BBB BHJ Ha M3POAEHH XHIepreoMerpndHu QyHKkuuu.[lomydeHuTe TOUHN peIeHns 3a CKOPOCTHOTO U
TEMIIEpaTypHOTO T10JIe ca MPEACTaBEeHH IpaduuHO U ca U3CIIeBAaHM 3a PA3JIMYHU ChIECTBEHH ITapaMeTpH Ha TEYEHHETO,
BKJIIOUBaiiku uuciaoTo Ha Ilpanarn, mapamerbpa Ha cTpaThdHKanus, napamerbpa 3a BCMyKBaHE/BIPbCKBaHE M 3a
MarHuTHHUTE cBOWCTBA. Tabynupanu ca 1 NOAPOOHO ca 00CheHU KoedHUIeHTa Ha TpUeHe 1 YnuciioTo Ha Hycenr.
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