Bulgarian Chemical Communications, Volume 47, Number 2 (pp. 684 — 690) 2015

Combined theory of one- and two-electron bipolar and polar multicenter integrals of
noninteger n Slater functions and Coulomb-Yukawa-like potentials with noninteger
indices
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By the use of one-range addition theorems suggested by the author, the combined theory for one- and two-electron
multicenter integrals of ¥ -noninteger N Slater type orbitals ( ¥ -NISTOs) and bipolar and polar noninteger Coulomb

(C-NIBPs and C-NIPs) -Yukawa (Y-NIBPs and Y-NIPs)-like correlated potentials is presented. These multicenter
integrals are expressed through the basic polar integrals of ¥ - integer N Slater type orbitals ( ¥ -1STOs) and Coulomb-

Yukawa-like potentials with integer indices (C-1Ps and Y-IPs). We note that the noninteger quantum number N is defined

as n*.
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INTRODUCTION

It is well known that the main problem in the
accurate electronic structure calculations arises in
the evaluation of the multicenter integrals which
confirms that other theories are needed instead [1, 2].
The arguments of a new theory for multicenter
integrals developed in this work are based on a
completely different point of view, namely, making
use of the bipolar potentials (see [3-5] and refs.
guoted therein). The aim of this work is to evaluate
the multicenter integrals with y -NISTOs and C-

NIBPs, C-NIPs, Y-NIBPs and Y-NIPs potentials.
The obtained formulas are especially useful in the
accurate calculation of electronic structure
properties for atoms and molecules when a y -

NISTOs basis set and explicitly correlated methods
are used in the linear combination of atomic orbitals
— molecular orbitals (LCAO-MO) approximation

[6].
DEFINITION AND BASIC FORMULAS

The y -NISTOs, C-NIPs (forn7 =0) and Y-NIPs
(forn > Q) used in this work are defined as follows:

Zn*lm (é” F’) = Rn* (é’! r)Slm (01 (0) (l)
Ops (77' r):Ou*u (77’ r)Sus (9’ (0)’ 2
where
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Here, S,, (6,¢) are the complex (for S, =Y,,) or
real spherical harmonics defined as

S (0,9) =R, (Cost) @, (), ()
where P”m‘ are the normalized Legendre functions
and for complex spherical harmonics

1 .
O, (p)=—=e"", (6)
N2
for real spherical harmonics
cos|m for m>0
o, (p)= | sImle (7
7(1+6,,) for m<0.
Our definition of phases for the complex
spherical harmonics (Yl; = Y,fm) [7] differs from the

sin|m|e

Condon-Shortley phases [8] by the sign factor
(-2)".
All of the one- and two-electron multicenter

integrals examined in this work can be defined by
the following combined formulas:
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where p*=n*Ilm, p" =n'*I'm’,

k*=u*uvs, ¢, >0, &' >0and 7>0. Here,
the values ij =00, ij =01 and ij =10 in Eq. (8)
correspond to the overlap, kinetic energy and
nuclear attraction integrals,

o (G0 GR) =0 (4,,4))
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r(2n" +1)
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(606iR)
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Snl*l %24 (41’41'; Ruc )} D
e (5114,1 1) = Ulo o (éll’é,l 1)

p oy *ik* P py k>

__[Zpl é/u al) pl'*(é/l ’F(;l)

xO,. (m,1; =Ry, ) d°F, (12)
As we see, Egs. (9) and (12) are the bipolar (for
R., # 0)and polar (for R,, =0) nuclear attraction

(see Fig. 1) and two-electron (see Fig. 2)
multicenter integrals, respectively.

Fig. 1. Geometry of one-electron bipolar (ﬁeh # 0) and polar (Reh = () molecule.
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Fig. 2. Geometry of two-electron bipolar (I_?)eh # 0) and polar (ﬁeh = 0) molecule.

EVALUATION OF BIPOLAR AND POLAR
MULTICENTER INTEGRALS

To evaluate the multicenter integrals (9) and
(12) we use the formulas in standard convention for
the two-center one-range addition theorems for y
-NISTOs in terms of y -ISTOs in the following
form [9, 10]:

o u-1 v

(6P -Ra) =220 Zﬂqp (¢.¢:Ry)
x Z By 2 (£F), a3

w'=v+l

where F =T, I, = —R, =T—-R,,

R, =R, —R,, p*=n*Im, q = uvoand

q' = u'vo . The expansion coefficients occurring
in Eq. (13) are defined as follows:

QE;;:) (é,! é/a R)ab) (Zzu)a Z un*

XZ 60 Z nf;nlm (é/ é/’ Rab) (14)

n=v+1 n'=l+1
@y _ TU-—n)r(n*+-a*+2)
un r'd+1-n*
(2u)“ %

| (u=(+D)Ir@n*+)r(g, *+1) 19
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) 2
~(a*)v _ (Zn)lr(qﬂ +1) éa*v (16)

o @ ()

o* B 1
Sr(mr?n'lm (é/l é/’ Rab ) = JW

Xlnvc *(é/!r;\);(n’lm (é/,l_"k;)dsf: (17)

Here, p,*=2l+2-a*, q,*=u+l+1-0a*,

p*=2v+2-a* q,*=pu+v+l-a*and

(-[u-0+1)])

a5, = .18
on r(p; +1)(p; +1)n7(v+l)(n—(v+1))! 18)

S (( N ﬁab)are the modified overlap
integrals (MOIs) with y -ISTOs in molecular
coordinate system; (_I:’u_(v-l_l):')n—(vﬂ) and

*
(pV +1)n—(v+l)
Refs.[10,11] for the evaluation of MOIs which
contain the integer (a*=a, —co<a<2)or

are the Pochhammer symbols. See

noninteger  (a*#a, —o<a*<3)  self-

frictional quantum number.
To transform the bipolar potential in

multicenter integrals (9) and (12) to the polar case

we use the following relations:

-R, =F-R,,[,=F-R =f'-R

P =f-R=r-R, (19)

al — hc?

=l
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B=Fy+R =+ R =T+ Ry, (20)
sz =;_F_éb =;'_ﬁhb'ﬁ2 =I7;_F_éd
:;’_ﬁhd (21)
r;:ﬁ)2+ﬁhb =_;IZ+§hd (22)
and

B —Rn = —-R)-(F-R)

=0-T =" (23)
F=f-R.5=0-R,. (24)

Then, we obtain:

e (Gadm) =[x (60K R

plpl*k*
7, (608 RO rmE @9
IR (SRt

A
26 7 ~Ra) 2, (60 -Re)
[

Xsz*(é/z’rz’ - Reb)

X0, (17,1, )dR d°F, (26)
Taking into account Eq.(13) in (25) and (26) we
obtain for one- and two-electron bipolar
multicenter integrals the following series of
expansion relations:
acbeh
Wk*(ql,gl, )
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Q% (6.¢R)

0 }/171 '
5D Z Q) (606 R)
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5151

where & =xvS, , 5 =K/ VS, &

gi” =7i Ui Si . Here, ‘];’sl";k*(gl 'éllr;ﬂ) and

5lf51"’§2f52~;k*(§1v§1;gzvgz;77) are the polar

integrals defined as
J;i’gl”;k* (4/1 ,51'”7) = jl;l (4/1 , ff)

<A, (67 )0 n. B ) (29)
‘]51'81”’52'8;** (41 !51';52 vgz,;ﬂ) = ”l;r (41 !rll)

(60 g (0 ), #()

X0 (111 )d°F d°F; (30)
Now we use in Egs. (29) and (30) the following
one-center one-range addition theorems for y -

NISTOs charge density [7, 12]:

Xy (gi,ﬁ');(gi” *(é”r") :%

X Uf 'MZI_:L Wsi'ef;Pi (é,i'élil;zi)zpi (Z,.7)-(3D)

The charge density expansion coefficients

occurring in (31) are determined by
1/2

23’2 2L +1 (2N !
2 (ZKi') !(27/i") !

ch‘M‘(us v's )AS“_’:, (1+) (1-1)7", (32)

(;g P(é"’é/" |)
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where P =N,LM,, N, =x+y -1,
Zi:é/i-’-é/i’v t|:é/l;é,l,’ CLi‘Mi‘(Ulsl’Us)
Git¢

and AM' are the generalized Gaunt and Kronecker

delta coefficients, respectively [7]. The substitution
of (31) into Egs. (29) and (30) gives:

J;gn.k* (é/l 141,;77)

oo

= 2 Z W, . (6.652)

Lo M=l
x3p e (Z13m) (33)
§11§1';§21§2’;U)

|

vt
-5y W, .. (£.¢52)
L= ‘Ul Ul‘ Mi=-L
vy +0; L
x YW (6.4
L2=‘L)2—u" My=-L, 2 2 P
‘]PP k*(z Z, 77)- (34)

Here, the quantities
J g k* (Zl ;77)

" )0 (.7 ) (35)

- =la
Jonae (Z1:Z2m :_”Za (z.)

xok*(n!rﬂ')le (Zzlrz )dsrl’dsrz (36)

are the one- and two-electron basic polar integrals
of y —ISTOs and Coulomb-Yukawa-like potential
with noninteger indices, respectively.

As can be seen from the obtained formulas, the
one- and two-electron bipolar multicenter integrals
with the use of two-center one-range addition
theorems for y — NISTOs are expressed through

the basic polar integrals of »—ISTOs and

Coulomb-Yukawa-like potential with noninteger
indices.

The basic integrals (35) and (36) can be
calculated by the use of Laguerre power series of
functions with noninteger indices which can be

established with the help of L") —generalized and
L ) -modified Laguerre polynomials (L) —
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GLPs and L) -MLPs), respectively (see Ref.

[9]). For the construction of Laguerre power series,
we use the potential O,.,, occurring in Egs. (35)

and (36) in the following form

OU*US (77’ ) OUUS (77’ ) ! (37)
where u*=u+n7n*, 0<ny*<1l and u is the
integer part of u™*. Then we obtain:

for L") _GLPs
AR DI @

u=v+l u'=v+1

for L“) -MLPs

0 “ooo
= ) e et (39)
pu=v+l y'=v+1

Y(p:)" — é(pj)v

'

'\ m
$ ali (g, +D0(u" + p, +17*~v)

X » (40)
Pamtiiae [p—(v+D)]!
Tl _ gla*)y
Y/w’,v* - a/w
4 o D@ + D0 (" — a*+1*+2)
z(a*)v
X Z aW,, “ . (41)

u'=v+1 [/u - (V + 1)]|
Using Egs.(38) and (39), we obtain for the one-
center one-range addition theorems of O-NIPs
based on the use of Laguerre power series the
following relations:

Ou*us (77’ r’)
o p+u—(v+1)

= Z Z Y’;E;t)';—):Jrvﬂ,n*oy'us (77’ |7) (42)

u=v+l u'=u

Ou*us (777 I_;)

o u+u-1

Z Z Y/w —u+lnp* ,uus (77 I7) (43)

pu=v+lpy'=u+v

The substitution of Egs.(42) and (43) into (35)
and (36) gives for the basic polar integrals the
following series expansions:
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ng;k* (Zl 17, F-Qr:b )
pu+u—(v+1) ()
Y(Pv)

' —u+v+1,m*

00

= ‘];;k' (Zl e Iir:b) (44)

u=v+l u'=u

Yo (2 Z51m)
oo pu+u-1l

z Z Y,U,U —u+l,n* ‘]gP K (Zl,zz;ﬂ),
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(45)

where Jp . (Z1 7 Iﬁr:b) =5, (2, ,77),
3 (20 Ry ) = 354 (Z0m) K = w'osand
‘]kp)l-k' (Zl 17, Iir;b)

J_ [ 2 (2.7 )0, (0., ),

/1'1) (U)SPlk’ (Zl1 77’ hb) (46)

e (21,2,

=—Hza ( 7 )

xOy. (17,1 )ZP (Zz’r )d I’ (77)

3 !
rh2

X_J.SPk (Z,.m; hz)}(P2 ( 2 )d (47)

The quantities Sp1k, occurring in Egs. (46) and (47)
are the overlap integrals over y -ISTOs and

A, (1) coefficients defined as, respectively:

Stk V(ZM; québ)

= [ (20,5 ) 20 (0, )ACF, (48)
B (2,u')! /2
A )= [ 2o 1) zn)zﬂ,ﬂ} : (49)

It should be noted that the two-electron integrals
of y—ISTOs occurring in Eq. (47) have been

studied in our previous papers [7, 16].

Table 1. The computational results of basic integral J 'E)’l:k’ (Z1 1 ﬁgb ) :

Nl Ll Ml Zl ’u, vos n Rr:b er:b %b Eq'(46)
; 0 0 41 2 1 1 1 1 108 288 0.0384304419337282709
3 0 0 9 2 0 0 3 23 9 180 0.001100902598119918
4 1 1 76 3 2 0 34 14 60 180 0.0011283910967783675
8§ 7 1 85 6 1 0 53 22 30 108 9.760836563464515 E — 07
9 4 1 96 7 3 1 63 18 120 72 —9.12773014368389 E — 06
9 8 8 25 8 6 6 15 11 30 60 —2.095067822209997817
10 6 6 34 9 7 7 23 29 108 120 0.677010199846579
11 7 6 87 8 6 6 35 21 150 108 0.0016434196671959369
12 10 10 61 14 8 5 78 25 108 60 —0.0000107171243862096
13 11 8 78 10 9 8 55 19 122 72 0.00007592144328909598
15 13 12 66 14 12 12 37 26 150 60 0.13030800995209336587
20 15 15 89 18 17 16 75 51 36 75 8.800413162432983 E — 10
CONCLUSION integrals with arbitrary values of principal and self-

It is shown that the one-range addition theorems
for y —NISTOs, C-NIPs and Y-NIPs, based on the

use of L) _GLPs) and L“) -MLPs, are useful

tools for the unified treatment of one- and two-
electron bipolar and polar multicenter integrals when
x —NISTOs basis sets and Coulomb-Yukawa-like
potentials with noninteger indices are employed in
electronic structure calculations. The obtained
formulas can be used for the evaluation of these

frictional quantum numbers, screening constants and
location of orbitals and parameters of potentials. On
the basis of Eq. (46), we constructed a program for

the computation of Jg;k,(Zl,n;ﬁ,;b) using

Mathematica 7.0 international mathematical
software. The computational results are given in
Table 1. It can be seen from Table 1 that the
calculation results are stable for high values of
guantum numbers. It is especially useful for accurate
evaluation of the multicenter multielectron
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molecular integrals [10]. The presented theory is
especially useful in the study of different electronic
structure problems dealing with atoms, molecules
and solids.
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KOMBUHHUPAHA TEOPUS HA EJIHO- U JIBY-EJIEHTPOHHU BU-TIOJISIPHU UHTETPAJIU
OT HELIEJIU n- SLATER‘OBU ®VHKIIMU Y COULOMB-YUKAWA-TI0JIOBHU
MTOTEHLIMAJIY C JPOBHU UHAEKCHU

U. U. I'ycennoB™

Henapmamenm no ¢uzuxa, @axynimem 3a uskycmeo u nayka, Yuusepcumem ,, 18 mapm*, Yanaxxane, Typyus

[ocrenuna va 23 romm, 2014 ., kopurupana Ha 22 okromBpH, 2014 1.

(Pesrome)

Hpe,Z[CTaBeHa € KOM6I/IHI/IpaHa TEOpHUA 3a €JHO- U JABY-€JIEKTPOHHU MHOTOUEHTPUYHU UHTErpaii OT ) -HCUCIN n—

op6uranu ot Slater‘os tum (y-NISTOS) u Ha Gunonsapau u nosspau Herend KynoHoBH (C-NIBPs u C-NIPS) - FOkasa
(Y-NIBPs u Y-NIPs)-mogo6uuTe norexnuan. Te3u MHOTOIEHTPUYHHI HHTETPAITU CE MPECTAaBSIT Ype3 Oa3uIHHU MOISIPHU

HHTErpaik OT Y -UeJu N — opbutanu ot Slater‘os tunr (-ISTOS) u Coulomb-Yukawa-momo6Hu MOTEHITHANN C TeTH
uapekcu (C-1Ps u Y-IPs). Ot6erns3ano e de He-IienuTe KBaHTOBH YHcia N ce geuHupar ¢ n*.
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