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Calculations of photonic crystal fibers by the Galerkin method with sine functions
without a refractive index approximation
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Results from the calculation of the basic characteristics of the photonic crystal fiber with two rings of holes are presented by the
approach which takes into account the exact distribution of the refractive index over the cross section of the photonic crystal fiber.
Formulae are theoretically derived for the calculation of holes with arbitrary shapes by dividing the material within them into rotated at

different angles rectangles.
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INTRODUCTION

Photonic crystal fibers (PCFs) attract consider-
able attention since their waveguiding structure pro-
vides possibilities for creation of new or improved
properties compared to that of the conventional op-
tical fibers. They can be prepared in such a way
that insures a single mode operation practically within
the whole range of transparency of the material from
which they are made (endlessly single mode fibers) at
the same time with a very small change in the mode
field diameter. The core diameter of the single mode
fiber can be very high — 20-30 pum, which allows a
transmission of high level optical power. Depend-
ing on the core diameter PCF can reveal very low or
very high optical nonlinearity. Single mode fibers can
be produced with unique dispersion properties — with
an ultra flattened dispersion over very wide spectral
range, a zero dispersion, realized at a chosen wave-
length (even in the visible range), a zero dispersion in
several chosen spectral ranges. The fibers can be eas-
ily prepared with very high birefringence - until one
order higher than the birefringence, achieved by the
standard anisotropic fibers by a suitable combination
of the locations and the sizes of the holes [1-12].

The high refractive index contrast of the mate-
rials of the PCF requires full-vector methods [13]
to model the fibers accurately. The most used nu-
merical methods are a plane wave expansion method
(PWM) [14-16], a localized function method (LFM)
[17,18], a beam propagation method (BPM) [19,20],
a finite-element method (FEM) [21, 22], a finite-
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difference method in the time domain (FDTD) [23],
a finite-difference method in the frequency domain
(FDFD) [24-31], a source-model technique (SMT)
[13, 32, 33], and a highly accurate semi-analytical
multipole method (MM) [34,35]. A brief review of
their merits and drawbacks is given in [24].

The approximation of the refractive index of the
PCF is the major factor limiting the accuracy of the
calculated data [13]. The description of the refrac-
tive index profile of the fine structure of interfaces
between domains with high contrast in the refractive
indices must be very precisely because the effective
index of the mode critically depends on it. Another
drawback [24] of the Galerkin method is the great
number of double integrals which must be solved.

To overcome these drawbacks a development of
the application of the Galerkin method for PCF is
proposed. The main idea is presented in [36-38] to-
gether with results from a numerical calculation of the
fiber with one ring of circular holes and a comparison
of the values of the effective index of the fundamental
mode received by it and another numerical methods.
Here a numerical calculation is presented by the de-
velopment for PCF with two rings of circular holes.
More over, expressions are given for an analytical cal-
culation of the double integrals of the elements of the
matrices of the modes of the PCF with holes with
square and rectangular shapes and PCF with holes
with arbitrary shapes approximated by layers of par-
allel rectangles rotated at different angles.

The expressions are obtained by an approach
which considerably reduced the number of the dou-
bles integrals in the case of holes with symmetrical
shapes. The main idea for the proposed approach is
outlined in [36,37]. To overcome the loss of accuracy
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and to reduce the calculation time, all integrals in the
proposed development are analytically calculated in
the case of holes with circular, square and rectangular
shapes.

FORMULATION OF THE PROBLEM

A translationally invariant PCF consisting of N,
holes located in an optical medium (a host medium)
is considered. Monochromatic light with angular fre-
quency @ and time dependence exp(i®t) propagates
along PCF in the direction of the axis z. It is looked
for transverse distributions of the electric and the
magnetic fields of the mode with respect to a Carte-
sian coordinate system xOy with an origin at the lower
left angle of a rectangular material domain with di-
mensions L, (0 <x <L) and L, (0 <y <L,) com-
prising the cross-section of PCF with an arbitrary lo-
cation of the holes. It is assumed that the electric and
the magnetic fields are zero at the domain boundaries.
With an appropriate choice of its dimensions this ap-
proximation is reasonable due to the abrupt drop of
the fields of the guided modes outside the core.

The electric and the magnetic fields of the mode
are solutions of the vector wave equations:
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In the Cartesian coordinate system the vector equa-
tions are decomposed into x, y and z components,
where the fact that dn/dz = 0 is used. The depen-
dence of the components of the fields on the coor-
dinate z is assumed to be exp(ifz), where f3 is the
longitudinal constant of propagation.

It is looked for solutions of the transverse compo-
nents of the electric and magnetic fields in the form:
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where,

2 . .
)1/2} sin(oyx)sin(pyy)  (7)

Ppv(,y) = [(LxLy

is a complete orthonormal set of sine functions which
are orthogonal over the finite rectangular domain:

L, L,

/0 a’x/o dyCIDuv(x,y)CDu/v/ (x,y) = 5““/ v (8)
oy = (um/Ly); py = (VI/Ly); u, v are integers; Af;,,,
Bj,, All\, B}, are unknown coefficients in the expan-
sions of the E,, E,, H, and H, respectively.

Using the Galerkin method, the two systems of
two partial differential equations are converted into
two systems each of 2m,m, coupled linear algebraic
equations (m, and m, are the numbers of members in
the truncated sums over p and v) for the unknown

coefficients AL, BE Al BH, [39]
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n; is the constant refractive index of the ith hole with
the surface S;, nhogt is the constant refractive index of
the host medium, n#v =( ﬁ +p2)/k?* is a dimension-
less quantity,

PSSSS = PSSSS (x7y)

= sin(oyx) sin(o),/x) sin(pyy) sin(p,y),
PCCSS = ccss (x7 y)

= cos(0y.x) cos(0,/x) sin(pyy) sin(p,/y).

The definitions of the remaining products are anal-
ogous.

Here the main idea of the development is briefly
presented. Each of the integrals in Eq. (13) — Eq. (20)
is a sum of double integrals over the host medium and
over the holes in it. In Eq. (13) — Eq. (20) integrals
over the holes surfaces are added and subtracted in
which the refractive indices are replaced by the refrac-
tive index of the host medium in order not to integrate
over the host medium:

L. (L, L /Ly
/0 /0 F(x,yin(x,y))dxdy = /O /O (v o )y
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e.g. the double integral over the domain with N}, in-
terfaces is replaced by a sum of a double integral over

a homogeneous medium with a surface S and a refrac-
tive index ny,g (Where the orthogonality of the sine
functions can be used) and N, homogeneous media
with surfaces S;, i = 1,2, ..., N, with changed refrac-
tive indices. That gives a possibility for the exact re-
fractive index profile of the cross section of the PCF
to be taken into account and for the double integrals
to be analytically calculated in the case of circular,
square and rectangular shapes of the holes.

Then the expressions Eq. (13) — Eq. (20) can be

written as:
4Nh+1 'u
uv v g Z [nslésss—i_z K2 In(n)
( I(’:CSS GI,,L I;SSS) (22)

Nh+1 6 ,

p Vv ¢ Z k2 Vlms_l'pv’[:cvc) (23)
Nh+1 p

/4 v v - Z - 111 CSSC+G‘u’I;csc) (24)
Nh—‘rl

P,/
IJV llV < Z [”slésss—i_z 5 ln( )

(pV sscce pv/lissb):| (25)
4 Ny+1 'u
u Vv © ¢ Z [nslésss 2 ln( )
( /,L’Iclcw Iésw)} (26)
8Nh+1
u Vauv T ¢ Z l CSCS+G‘u’I;ccs) (27)
8Nh+1 o
[J v [JV =7y Z 5 ln Cscs+pv cssc) (28)

N h-‘rl

” Vv #v R Z [ lsI:sss+2 111( d)

(pv sscc pV ssss)i| (29)
where:
ni— nlzinﬁost’ i=12,...N, .
’ nﬁost_n%lw i=N,+1 ’
i _ ni/nhost’ i:1,2,.-.Nh .
g = . ;
Nhost i=N,+1
. I;S;’Yv //S Pssss(x’y)dXdy, i=1,2,...Ny
I . = i

ss88 T

Pysss(x,y)dxdy, i=Np+1

A

n-]

23



E. Karakoleva, B. Zafirova, A. Andreev: Calculations of photonic crystal fibers by the Galerkin method with sine functions without...

YA

Xy

o x X
Fig. 1. A local coordinate system x'O;y" with an origin at
the centre of the ith hole of the PCF and axes parallel to
the axes of the global coordinate system xOy.

The number Nj, + 1 is referred to the material do-
main. The definitions of the remaining integrals are
analogous.

Let us consider the ith hole. A local coordinate
system is introduced with an origin at the centre of
the ith hole and axes parallel to the axes of the global
coordinate system xOy (Fig. 1) in the case of a circu-
lar hole and axes rotated at an angle 6; with respect to
the axe x of the global coordinate system (Fig. 2) in
the case of a rectangular hole. It was shown in [36,37]
that in the case of circular holes the double integrals
in Eq. (22)-Eq. (29) can be reduced to four integrals
Lums Inp, Ipm and I

Ifs’“ (Commm = Cmplmp — Comlpm + Cpplpp) /4

ccss Cmmbmm — Cmplnp + Cpmlpm — Cpplpp) /4
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where

cjk = cos(ojx;)cos(pryi), Sjk = sin(ojx;)sin(pry;)
are “address” functions depending only on the loca-
tion of the holes with respect to the global coordinate
system and

ai ri(¥)
Ijk :/ / dx,dylcos(cjxl) COS(Pky,)a jak:map
—a;Js —Q;

are integrals which depend on the shape of the hole,
but not on its location. Here x; and y; are the coordi-
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Fig. 2. A local coordinate system x’'O;y" with an origin at
the centre of the ith hole with a rectangular shape and axes
rotated at an angle 6; with respect to the axe x of the global
coordinate system.

nates of the centre of the ith hole in the global coor-
dinate system, g; is its radius, @;(x') = {/a? — (¥')?
and 0, = 0y — Oy; Op =0y +0u; Pu=Py—Pv;
Pp = pv + py. For all holes with identical shapes the
four integrals can be solved only once. For complete-
ness the expressions are given for an analytical calcu-
lation of the four integrals for circular holes:

Ijk—/ / - dx dy' cos(ax’ + piy’)

21a; / .
:ﬁjl(ai G]2+pk2) J»k:md%
\/ O TPy

where J; is the Bessel function of order 1. In the case
of PCF with circular holes all integrals in the matrices
elements are analytically solved.

When the hole is with square or rectangular shape
or the arbitrary shape of the hole is approximated by
a layer of parallel rectangles, rotated at an angle 6;,
then the double integrals in Eq. (22)-Eq. (29) are cal-
culated by the following formulae:

i = (tym — tmp — tpm + pp) /2
e = (thm — Ump + Upm — Upp) /2
sace = (Umm - tmp — Upm — pp) /2
IS = (— Vi + Vinp — Vpm + Vpp) /2
Lise = (Vo ~+ Vinp + Vom + Vpp) /2
I3t = (Vi — Vinp -+ Vo + Vpp) /2
If;m (Vium = Vinp = Vpm + Vpp) /2



E. Karakoleva, B. Zafirova, A. Andreev: Calculations of photonic crystal fibers by the Galerkin method with sine functions without...

Ujk = A+ AL
Vik= €A — kaAfk

= cos(ap puy)
A = [sin(pj1ai/2)/p;][sin
A}k = [sin(p}ka,-/Z)/pjk] [sin
pj.ﬁk = 0;cos 0; & pg sin 6;

(Qkai/Z)/qj*k]
(a;:bi/2)/ ;4]

qj.ﬁk = 0;sin6; £ prcos6; j.k=m,p.

Here i is the successive number of the rectangle
with dimensions a; and b;, rotated at an angle 6; with
respect to the axe x of the global coordinate system.
When the holes with arbitrary shapes are approxi-
mated by layers of parallel rectangles all integrals are
analytically solved with except of those referring to
the rectangles comprising the irregular ends of the
holes. There an averaging can be made over the parts
of faces occupied by materials with different refrac-
tive indices before beginning of the calculations and
the integrals can be analytically calculated for them.
The systems of algebraic equations (9-12) are written
in the form of matrix eigenvalue equations:

CEXE (B/k)2XE CHXH (ﬁ/k)ZXH

where

L (FMERE\ ., (i N
cC-=1 N G BN ;
RE SE RH §H

ME NE RE SE mH NP RH SH
are matrices consisting of the coefficients

E . NvE
Mu’v’,uv’ N[.L’V’,LLV’ Rﬂ v/ I-LV’ Sli V’[JV’

H
MM viuvs Ny

)?E — (AE,BE)

R, st

v/yv’ u'v’ uv’

and X7 =

W' v
(A", BT

are eigenvectors consisting of the unknown coeffi-
cients Aj;,; By, All,; Bji, and (B /k)?* are unknown
eigenvalues.

The method is reduced to a suitability for cod-
ing and is incorporated into a created single Visual
FORTRAN 6.5 code. It calculates matrices elements,
modal effective indices and transverse components
of both the electric and magnetic fields propagating
along the PCF. EISPACK [40] is incorporated into the

code and is used to solve the eigenvalue equations.
NUMERICAL RESULTS

The PCF under -consideration consists of
two rings of cylindrical air holes each with a
diameter d = 5.0 um and a refractive index
ni=10(=1,2,...,18), arranged in a hexagonal
lattice with a constant (a pitch) A = 6.75 um within a
host medium with a refractive index npoq = 1.45. The
wavelength is A = 1.45um. The vector distribution
of the transverse magnetic field

ﬁt(x7y) = ﬁx(xvy) +ﬁy(xa)’)

and the contour map of the magnetic field of the fun-
damental mode of the PCF with two rings of circular
holes are shown in Fig. 3 and Fig. 4

The essential part of the results is shown in Ta-
ble 1. It can be seen that the value of n. sy with small-
est relative errors

Ap=3.1459x 1078 and A, = —6.0466 x 107°

Table 1. The convergence of the solution for nf of the fundamental mode of the PCF with two rings of holes

Ly =Ly [um] my =my Defr Am AL
32.20 79 1.445396232634340 1.1757E — 08 -
32.40 81 1.445396308797130 2.1309E — 08 5.2693E — 08
32.60 80 1.445396265103050 3.5066E — 08 —3.0230E — 08
32.80 81 1.445396247724620 7.7172E — 10 —1.2023E — 08
33.00 81 1.445396233574110 1.0139E — 08 —9.7901E — 09
33.20 81 1.445396224834410 3.1459E — 08 —6.0466E — 09
33.40 82 1.445396265177670 3.4329E — 08 2.7912E — 08
33.60 82 1.445396247763510 3.2795E — 08 —1.2048E — 08
33.80 82 1.445396221895270 3.2206E — 08 —1.7897E — 08
34.00 80 1.445395906427260 4.0761E — 08 —2.1826E — 07
34.20 80 1.445395820298730 4.1892E — 08 —5.9588E — 08
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Lx=Ly=33.20, Mx=My=81, 2 ring, A=6,75mkm
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Fig. 3. The vector distribution of the transverse magnetic
field H, (x,y) (linearly polarized along the axe x) of the fun-
damental mode over the cross section of the PCF with two
rings of holes.

Lx=Ly=33.20, Mx=My=81, 2 ring, A=6,75mkm
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Fig. 4. A contour map of the magnetic field of the funda-
mental mode of the PCF with two rings of holes.

is a solution of the problem, n.g = 1.44539622. Here
A, 1s the smallest relative error between two succes-
sive solutions with terms in their expansions which

differs by 1 and Ay is the smallest relative error for
two solutions at two successive values of the dimen-
sions of the material domain which differs by 0.2 um.

The three dimensional graphics of the magnetic
field of the fundamental mode of the PCF with two
rings of holes is shown on Figure 5.

Lx=Ly=33.20, Mx=My=81, 2 ring, A=6,75mkm

Fig. 5. The three dimensional graphics of the magnetic
field of the fundamental mode of the PCF with two rings
of holes.

The values of the effective refractive index of the
fundamental mode of the PCF with one and two rings
of holes, calculated by the proposed development, the
PWM and the adjustable boundary condition method
(ABC) are given in Table 2.

The effective index of the fundamental mode of
the fiber with one ring of circular holes retains 7 digits
when the number of the members in the expansions
is changed by 1 and 11 digits when the dimensions of
the material domain are changed in the process of the
solution convergence. For the fiber with two rings the
retained digits are 7 and 8 respectively. Taking into
account the exact profile of the refractive index of the
fiber and analytically calculating all integrals (i.e. the

Table 2. Comparison of the values of the effective index of the fundamental mode of the PCF under consideration

Method Number of Reference Neff Number of the Relative Error Number of the
the rings members in the solution retained digits
in the expansions convergence
PWM 1 [16] 1.4453952 131072 106-107
ABC 1 [41],[42] 1.445397228 7
Our Results 1 [38] 144539725467 68 4x108/8x10°12 711
2 1.44539622 81 3x108/-6x107 7/8
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matrices in the eigenvalue problems) the proposed de-
velopment increases the accuracy of the calculation of
the effective refractive index with one to two orders
and reduces the number of the members in the expan-
sions of the field with three orders in comparison with
PWM.

The theoretical derived expressions for the holes
with square or rectangular shapes are incorporated in
the created code. Numerical calculations by this code
both for entire holes and for parts of the holes will be
the subject of future study.

CONCLUSION

It is presented a numerical calculation with the de-
velopment of the Galerkin method in its application
for modeling of PCF. The effective index of the fun-
damental mode of the fiber with two rings of holes
with circular shape is calculated with a high accuracy:
7 digits retain when the number of the members in the
expansion is changed by 1 and 8 digits retain when the
dimensions of the material domain are changed in the
process of the solution convergence. The relative er-
ror of the effective index of the fundamental mode of
a PCF with two rings of holes is with less value than
that of the effective index of the fundamental mode
of a PCF with one ring of holes calculated by PWM
with one to two orders and the number of the mem-
bers of the expansions of the magnetic field in a PCF
with two rings of holes is with less value than that in a
PCF with one ring of holes used by PWM with three
orders. It is shown also the vector distribution of the
transverse magnetic field, its contour map and three-
dimensional plot. The proposed expressions for an
analytical calculation of the double integrals of the el-
ements of the matrices of the modes of the PCF with
holes with square or rectangular shapes and of the
PCF with holes with arbitrary shapes approximated
by layers of parallel rectangles rotated at different an-
gles give a possibility for an accurate and fast calcu-
lation of the PCF. The high accuracy of the received
results and the small number of members in the field
expansion show that the proposed development can
be successfully used for modeling of the PCF.
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[TPECMSTAHE HA ®OTOHHO-KPVICTAJIHM BJIAKHA C METOZIA HA TAJIEPKMH
C PA3JIOKEHUE ITO CMHYCOBHM ®YHKUNU BE3 AITPOKCUMALIMS
HA TTOKA3ATEJIS HA TTIPEYYIIBAHE
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Hncmumym no ¢usuka Ha meéspdomo mano “Axad. I. Hadxcaxos”, Benzapcka akademus HAd HayKume,
6yn. “Ilapuzpadcko wioce” N°72, 1784 Cogus, Banzapus

(Pesome)

IIpezcTaBeHy ca pe3y/ITaT OT IPeCMsTaHe Ha OCHOBHM XapaKTePUCTUKY Ha (GOTOHHO-KPUCTAIHO BIAKHO C IBA IIPbCTEHA OT JYIIKM
C TTOAX0]I, KOWTO OTYMTA TOYHATA 3aBUCUMOCT Ha [TOKa3aTeJIst Ha IIPeYyIBaHe OT HAIIPEYHNUTE KOOPAMHATH X U Yy Ha (POTOHHO-KPUCTATHO
BJIaKHO. TeopeTuuHo ca usBemeHn GOpMyIM 3a IIpecMsTaHe Ha YKy C IPOU3BOIHA (GopMa upes pasje/siHeToO Ha MaTepuaaHarta 06-
JIACT B TAX Ha IPaBOBIBIHMIM, 3aBbPTAHM Ha IIPOM3BOIHY BIJIM CIIPAMO I7I06aTHa KOOPAMHATHA CUCTeMa B paBHMHATA HA HATIPEYHOTO
ceyeHe Ha POTOHHO-KPUCTATHOTO BIAKHO.
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