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Fundamental quantum limit in Mach-Zehnder interferometer
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In this article we discuss the concept of standard quantum (shot-noise) limit and fundamental quantum limit (completely quantum
mechanical) in Mach-Zehnder Interferometer. With the method of linear invariants the three independent quantum fluctuations are
determined in Schrodinger Minimum Uncertainty States. On the base of more general Uncertainty Relation (Schrodinger-1930), we
accurately define the notion of fundamental quantum limit. The analytical consideration involves the general term Covariance (compare

to Variance) of two quantum variables. Explicit new formula for the fundamental quantum limit is obtained.

Key words: quantum mechanics, uncertainty relations, Heisenberg limit, Schrodinger limit, interferometry

INTRODUCTION

The light interferometry is a one of the pri-
mary methods to prove experimentally basic laws in
physics. For example a lot of discussions in the scien-
tific literature was done, dedicated to improve gravita-
tional radiation using Quantum Mechanical interfer-
ometry [1,2]. Much work has been done on reduction
of the quantum noise by using input light prepared in
non-classical states [3-9]. Because of the particle na-
ture of the light, there exists some fundamental limita-
tions of its sensitivity, which are the subject of present
article: standard Quantum Limit(semiclassical) and
the Fundamental Quantum Limit, the latter known as
Heisenberg Limit [10-12]. Introducing the more ac-
curate Uncertainty Relation than that of Heisenberg,
we will precise the formulation of Quantum Limit.
Classical and semiclassical treatments of these mea-
surements is less precise as quantum one. Quantum
interferometry is the best tool for phase estimation
due to its sensitivity. The goal of quantum interferom-
etry is to estimate phases beyond the standard quan-
tum limit. It was discovered that squeezed vacuum,
injected into the normally unused port of an inter-
ferometer, provides sensitivity below the shot-noise
limit [1]. It is possible to reach even better sensitiv-
ity if a nonlinear interaction between photons in the
Mach-Zehnder interferometer takes place (for exam-
ple — parametric down-conversion, [1] ).

In this article we consider shortly the method of
linear integrals of motion (in second section). In the
third section we interpret the two notions Standard
Quantum Limit and Fundamental Quantum Limit.
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We examine the resemblances and distinctions be-
tween them and we derive a new formula for the
Fundamental Quantum Limit using the general uncer-
tainty relation.

METHOD OF LINEAR INTEGRALS OF MOTION

One of the most revolutionary consequences that
quantum mechanics bequeathed as a fundamental
principle in physics is the refusal of strong determin-
ism. That is why the uncertainty relation (called un-
certainty principle in the beginning of quantum me-
chanics) plays fundamental role. The uncertainty re-
lation for the two canonical variables was introduced
for the first time by Heisenberg (1925), and general-
ized to any two observables by Schrodinger [13, 14]:

(A4V(AB)? > Cov’(a,B) + |3 (A.B)P, (1)

where the covariance for non-commuting operators A
and B is defined as

Cov(A,B) = %(AB+BA> _yB), @

and the variance is defined as (AA)? = Cov(A,A).
Neglecting the first term on the right side, we re-
ceive the Heisenberg Uncertainty Relation:

(A4 (B)? > | (1, B))* ®

We will remind the method of linear integral of
motions presented in [15—17] Let us consider a clas-
sical system with s degree of freedom and let u =
u(qi,.--qs, pi1,---Ps,t) be a dynamical variable of this
system. Expressed in terms of Poisson brackets {, },
the full derivative of u with respect to ¢ is

du du

E — E + {uchlass}- (4)
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By definition _ui”V will be an integral of motion (in-
variant) iff du™ /dt =0, i.e.

auinv

i H st = 0. 5
T +{u™  Hejags } 5)

As far as there is a principle of correspondence
between classical and quantum mechanics, the anal-
ogy requires the existence of 2s Hermitean operators
- integrals of motion for any quantum system, and the
relevant equations of the quantum invariants are [16]

orm 1 o~
o =

v=1,..2s.  (6)

Note that these equations for the invariants (6) are
different from the Heisenberg equations of motion:

dA 1 ~ ~
— ——|AH|=0. 7

The same difference in the sign exists in classical
mechanics between (5) and the Hamilton equations
written in terms of Poisson brackets [18]:

d
l - {uchluss} = 07

= . 8
ar U= g, Pk (8)

The independent solutions of (6) for any quantum
system are also 2s: 1i"(t) = U (¢)I™(0)U (), where
U (t) is the unitary evolution operator. This difference
arise in our days with new impact, due to mismatch-
ing some times of the equations for invariants with
those for motion (see for example wikipedia).Method
of Linear Integrals of Motion was developed for
quadratic Hamiltonians H in [15] and full-time evo-
lution for all three independent quantum fluctuations
Cov(q,p),(Agq)? and (Ap)? were obtain in [16, 17].
Linear invariants, obeying (6), are expressed through
solution of equation for non-stationary harmonic os-
cillator £(¢) +Q(t)e(¢)* = 0. Remarkable advantage
of this method is, that the solution y of Schrédinger
equation H V= ih%—‘f are found in explicit form, and
also minimize the Schrodinger Uncertainty Relation
(1). Becouse of that reason the obtained states are
often call Schrodinger Minimum Uncertainty States
(SMUS) [19]. This class of SMUS includes MUS
introduced by C. Caves [20], Lectures 7.5 — 10,
p. 3, Coherent and p. 8, Squeezed states, respectively.
SMUS includes the sub-class of Covariance States,
with non-vanishing covariance Cov(A,B) # 0 (2).
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STANDARD QUANTUM LIMIT AND
FUNDAMENTAL QUANTUM LIMIT

The topic of Fundamental Quantum Limit
(Heisenberg Limit) and its generalization was dis-
cused also in [21], where it is stated that other limit
exists (Schrodinger Limit), but the exact formulation
is given here as follows.

In this article we don’t argue whether Heisenberg
Limit can be beaten or not. We discuss only the two
limits: Heisenberg and Schrodinger, taking into ac-
count the Covariance.

As a particular experimental setup and to provide
our consideration we will consider Mach-Zehnder In-
terferometer, see Fig. 1. In that casei—le\isenberg un-

certainty principle links phase (A = cos(¢)), [22] ) of
a state to its photon number (B = 1), (similarly to [23],
p. 322):

ApAn > 1/2, 9)

and for low level bound of the product we receive
ApAn=1/2.

To escape misunderstanding between the two lim-
its (Standard and Fundamental) we will consider
Max-Zehnder Interferometer fed by power laser pre-
pared in Coherent States. Due to particle nature of
photons, they obey classical Poisson distribution (see
for example [24] or [25], chapter 8.4):

e M AN

A>0.
n!

PIN =n] =

(10)

(In this paragraph N is the photon number, classi-
cal random variable, and n = 0,1,2,..., . From the

N

/‘
Al

b

Laser I

A
|vacuum mode

Fig. 1. Schematic representation of the Mach-Zehnder
interferometer. The input modes are a coherent and a
squeezed-vacuum field, respectively.

central limit theorem in the theory of Probability and
Statistics follows E[N] = A = D[N], so in our notation
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N=A=(AN)2

(AN) = V/N. (11)

Minimizing Heisenberg Uncertainty Relation (3)
with (11) we get the so called semiclassical Standard
Quantum Limit for the phase in Mach-Zehnder inter-

ferometer: !

N

It is worth to mention that the same dependence
can be obtained [9] (A(N)) = V/N if we consider N
separate single-photon beams, producing the so called
“shot noise” and N being the number of photons used.
In this case, cos?(¢/2) is the probability of the pho-
ton exiting at output ¢, and sin’(¢ /2) is the probabil-
ity of the photon exiting at output d [9] . The Stan-
dard Quantum Limit is not fundamental and is only
semi-classical: quantum in respect to Heisenberg Un-
certainty Relation and classical in respect to state
preparation and detection strategy. Standard Quan-
tum Limit for position and momentum observables is
discussed in [23,26,27]

Let us consider completely Quantum case. The
discovery of squeezed states gives a new challenge to
quantum interferometry, with the possibility to reach
better sensitivity. Injecting non-classical states (such
as squeezed states or NOON-states [1,28] ) in unused
port b will improve the phase sensitivity of Mach-
Zehnder interferometer. Quantum Mechanics does
not set any restriction on the fluctuation An of the pho-
ton number operator 7 - the only upper bound is

(N = (n)).

This limit of photon number uncertainty together
with minimized Heisenberg Uncertainty Relation (3)
gives the phase limit:

(A9)soL = (12)

An <N (13)

1
A =— 14
( (p)HL 2N7 ( )
known in the literature as Heisenberg Limit. Here we
use N = Nj, /2, which is the total number of photons
in the arm of the interferometer that experiences the

phase shift. For Mach-Zehnder Interferometer

(AP) L = %

And now let us consider the Fundamental Quan-
tum Limit based on General Uncertainty Relation (1).

In terms of photon number and phase operators the
Schrodinger Uncertainty Relation is

1
(AQ)*(An)? > 1 +Cov*(¢,n). (15)
In similar way as above we define the thorough
bound for phase sensitivity. The upper bound for the
variance of photon number operator is
An < N

(again N = (n)). (16)

Taking the root mean square and multiplying (16)
by (A¢) we receive

(AG)N > (A9)(An) > ;/1 +4Cov2(9.n).  (17)

The lower bound of these inequalities (17) gives
the rigorous quantum limit (we call it Shrodinger
Quantum Limit):

(AP)sL = %\/ 1 +4Cov?(¢,n).

Similarly to work [21] we present the “uncertainty
ellipse” as a cross-section of quasi probability distri-
bution (Wigner function) with horisontal plane. To
consider in details the interference pattern in Mach-
Zehnder interferometer, it is necessary to take into
account the electro-optic coefficients and the orien-
tation of the cristal in arm g, leading to presence of
Squeezed and Covariant states, which is not subject
of this article. For the moment, we will illustrate
Squeezed and Covariant states for the two quadra-
tures components, showing the Wigner quasi proba-
bility function in presence of non-vanishing covari-
ance. As an example for Covariant states we choose

(18)

e~ %xz e%ix2+4

R
which leads to Cov(q,p) = /2. The Wigner quasi
probability function is presented in Fig. 2. The uper
plane at 1/e from the top presents Heisenberg Limits
for g and p respectively. The cross-section is “un-
certainty ellipse” with semi-axes equal to Heisenberg
Limits for ¢ and p respectively. The actual “uncer-
tainty ellipse” (and more precise vision on this topic)
is shown on lower plane with semi-axes equal to
Shrodinger Limits for g and p respectively, where the
non-vanishing covariance plays essential role. The
distance between Heisenberg Limit and Schrodinger
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Fig. 2. Quantum fluctuations in Heisenberg limit and
Schrodinger limit.

Limit depends on the third independent quantum fluc-
tuation — the covariance.

Going back to Mach-Zehnder interferometer with
the same argument (N = N;,/2) on both ports ¢ and d

we have
(Ag) = %\/ 1 +4Cov?(¢,n).

An argument in favour of general formula (18)
(and in particular for Mach-Zehnder interferometer
formula (19)) is that in case of power laser beams
[30-32] we have strong nonlinearity leading always
to covariance term.

Moreover, considering the dark fringes of the in-
terference picture, where the photon number is very
small, the states are still mixture of coherent and
squeezed state |at),|&), (even when the time-interval
is very large in the case of single-photon registration,
and looks like there is no correlation, but it exists ).

We would like to emphasize that the precise phase
estimation should include covariance, taken from op-
erators, for particular ¢. This is still difficult ques-
tion,E(ﬂJse ifinbiwly defining phase operator
(¢,exp(i9),cos(i9), sin(i9)) — which one we should
take? [22]. There are a lot of discussions [22,33,34]
and the problem of defining phase operator still exists.
We choose one of the cases described in [22].

(19)

CONCLUSIONS

In this article we discuss the concept of standard
quantum (shot-noise) limit, the Heisenberg Limit and
rigorous Schrodinger Limit (the last two — completely
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quantum-mechanically). With the method of linear
invariants the three independent quantum fluctuations
are determined in Schrodinger Minimum Uncertainty
States (SMUS). On the base of more general Uncer-
tainty Relation (Schrodinger-1930), we accurately de-
fine the notion of fundamental quantum limit. The
newly obtained Schrodinger Limit formula is applied
for Mach-Zehnder Interferometer also, fed with co-
herent light mixed with squeezed vacuum, includ-
ing the sensitivity of dark fringes in the interferome-
ter. The analytical consideration involves the general
term Covariance (compare to Variance) of two quan-
tum variables. This term should be always taken into
account, since it increases the fundamental quantum
limit, especially in experiments, with strong nonlin-
earity. Neglecting it, would lead to serious errors in
experimental results. Explicit new formulas for arbi-
trary two non-commuting observables (not only ¢,7)
for the Schrodinger limit are received in similar way,
but this will be a topic of next work.

Acknowledgements.  Authors thank professor
D. Trifonov from Institute for Nuclear Research
and Nuclear Energy for valuable comments on the
manuscript.

We thank also, professor E. Garmire (former di-
rector of Center for Laser Studies at USC, where the
curiosity on QO of one of us (AA) started) for valu-
able discussions and interesting stories about inter-
ferometers at the time she visited our laboratory.

Special thanks to businessman Bob Russell for his
advise in electronics work preparing the experiment
with Sagnac Interferometer. The theoretical results
received here could be taken into account for future
research activities in the field of Interferometry.

APPENDIX
Derivation of Schrodinger uncertainty relation

The proof follows Schrodinger derivation, where
the substitution in Schwarz inequality is split in two
steps, as we will see later. Let ¥ denotes the wave-
function of our quantum system, and 7 is the corre-
sponding Hilbert space with scalar product (y|¢) and

norm |y| = \/(y|y), where v, ¢ € 7. For any two
vectors Y, ¢ €  the Schwarz inequality holds

lwllo)> > (wle) . (20)

We accept the following notation: (C) =
(y|Clw) = (y|(Cy)), where C is self-adjoin opera-
tor, associated with certain physical variable. Let us
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substitute ¥, @ € S into inequality (20) with

v—C'y*, ¢—Dy. 1)

The product of two Hermitean operators is in
general non-Hermitean, but it could be split into
Hermitean part (symmetrical product) and skew-

Hermitean part (half of its commutator [C,D)):

~ CD+DC N CD—-DC
= 5 R
This splitting corresponds in many aspects to the
splitting of a complex number z into real and imag-
inary parts - z = Re(z) +ilm(z) = (z+2")/2+ (z —
z*)/2.

CD

(22)

Using inequality.( 20), we obtain

(D%)(C?) = |{cD) . (23)

If we decompose the right hand side according
to (22) and applying |z|* = |Re|* + |Im|?, where z =
(CD) and z* = (D'C") = (DC) we get

(D) > ((CD+DC>>2+ ‘ (CD—-DC) ‘2

5 5 . (24)

In order to arrive at the general case instead of
the operators A and B we use C = A — (A) and
D = B— (B)I. Than, for the first term on the right
we have

((CD+DC>)2 _ <<(A— (A)(B—(B)) +(B—(B))(A— <A>)>>2

2 2

_ ((AB—A(B) —(A)B+ (A)(B) +BA — B(A) — (B)A+ (B)(A)) )2 _ ((AB+BA)

2

And for the second term on the left

: —<A><B>)2:C0v2(A,B).

‘ (CD—DC) ‘2 _ ‘ (A= (A))(B—(B)) = (B—(B))(A—(A)) ‘2 _ ) (AB—BA) ‘2

2 2

Finally, we end up Schrédinger derivation with
2 2 2 1 2
(AP(AB = Cov*(A,B)+ |5 (A.B)| . @5)
If we move the covariance on the left side of the
inequality, and use the definition of covariance ma-
trix [24]

[ Var(A,A) Cov(A,B)
ZaB = (Cov(A,B) Var(B,B) ) ’

we receive for SUR in very compact, canonical form
2
Y

der(Saw) > |14 B) 26)

showing some group symmetry in a phase space!
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OYHOAMEHTAJIHO KBAHTOBO OT'PAHMYEHIME B MAX-ITEHJEP UHTEPOEPOMETHP

A. Anrenos, E. CTossHOBa

Hncmumym no ¢usuka Ha mespdomo msio, Benzapcka akademus Ha HAyKume,
6yn. “Llapuzpadcko woce” N°72, 1784 Cous, Benzapus

(Pesome)

CraTuvHMs IyM (Ha aHIImicku: Shot noise) cblecTByBa MoHeke GeHOMeHM KaTo CBET/IMHATA U e/IeKTPUYECKUSIT TOK Ce CbCTOSIT OT
IBIVDKEHMe Ha OTJe/THY KBaHTOBY 06eKTy. CBeTIMHA MIBAIA OT OTHA/IeYyeH) 3Be3y HallpyMep, IIPUCTUra Ha MajKy IIOPIMY, HapeueHN
dboToHu. ITogo6HM ca mpouecuTe, KOraTo U3ciaeqBaMe ThMHUTE 30HM Ha MHTepdepeHUHaTa KapTuHa. [Ipy TakuBa MaJIKM CTOHOCTU
MHTEH3UTETa Beue He e HelpekbcHaTa GyHKUMs. ToraBa ce permcTpupar camo eguHUYHM GOTOHM, HEPaBHOMEPHO MPUCTUTAILM TI0
BpeMe. Te3y sIBIeHNSI 1aBaT OTPaHMYEHMs IIPU peaaHnuTe GU3MIHM M3MepBaHys Ha MHOTO C1aby curHaau. B Tasu Bpb3Ka e BbBene-
HO (DU3UYHOTO MOHSITUE CMAHOAPMHO K8AHMOB0 OzpaHuyeHue (Ha aHrauiicku - Heisenber limit, shot-noise limit), ocHoBaBaio ce Ha
Xaii3eH6eproBoTO ChOTHOIIIEHNE Ha HeolpeiesleHo T [1].

B Hacrosiarta ctatvs pasriexkgaMe CTaTUYHMS IyM B MHTepdepomeTsp Ha Makc-LIieHabp (M MO-CrenyanHo B 06/1aCTTa Ha ThM-
HUTe UBULM HAa MHTepdepeHyHaTa KapTuHa). [Ipe3 1930 roguna llpsoaunrep 06061aBa 1 yTouHsIBa Xait3eH6€ProBOTO ChbOTHOILIEHME
Ha HeorpezneneHocT [2]. [IpeBox Ha opurMHanHaTa pa6ora Ha [lIpboaVHIep OT HEMCKM Ha aHIIMICKM € HallpaBeH B [3], KbAETO B aHOTa-
LMsTa KbM IIPEBOZA €a MOKa3aHy HOBM CBOJICTBA HA ChOTHOLIEHMETO Ha HEOIIPeneseHOCT, KaKBUTO Xaii3eH6eproBoTo He MpUTEKaBa.
IMpunaraiiky Mo-o06110TO ChOTHOLIIEHVE Ha HeOoIpeesIeHOCT, Hue IpepasriekiaMe TOBa IeHTPATHO MOHITHE CMAaHOapmHO K8AHMOo8o
ozpaHuueHue. AHATUTUYHOTO pasIiekJaHe BKIIOYBA MOHITMETO KOBapuauys Ha JBe KBaHTOBM IpoMeHnuBU. IlonyyeHa e HoBa (110-
TovyHa) GopMyIIa 3a CTAaHAAPTHMS KBAHTOB JIMMMUT.

HacrosuiaTa nmy6aukanms e eJHO MPOoAbIKeHMe Ha [4], KbAeTo ce IUCKYTMPA He06XOAMMOCTTA OT YTOYHSIBAHE Ha CMAHOapmHomo
K8AHMO080 0z2paHuyeHue, HO TOUHaTa Gopmysia e u3BeJeHa TyK.
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