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Temporal variations of the fractal properties of seismicity
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For many natural phenomena and objects a state of chaos and independence from the scale at which they are studied is typical.
Examples of such phenomena are earthquakes, the study of which shows that many of their properties are independent from their
scale. In the study of earthquakes the property of scale independence has first been established for their distribution in magnitude
(Gutenberg-Richter law), as well as for the decline in the aftershocks intensity in time (Omori equation). Newer studies show that other
properties of the earthquakes are also characterized by independence from the scale of realization. Both the aftershock occurrence
and the regional seismic process, for example, exhibit fractal properties. This paper evaluates the temporal variation of the fractal
coefficients of the earthquake distribution by area for a number of seismic regions. In the analysis of the spatial structure the so-called
two-point correlation integral has been used. Analogical estimations of the b-value of the Gutenberg-Richter law of repeatability have
been made. A negative correlation between the fractal coefficients of the earthquake series and their corresponding b-values has been
found. The temporal variation of the fractal coefficients of the earthquake distribution by area has been similarly analyzed for several
aftershock series. A positive correlation between the fractal coefficients of the aftershock series and their corresponding b-values has
been established.
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INTRODUCTION

Fractal structures are observed for a wide range
of fractures – from microfractures (10−6 m) to
megafaults (105 m) [1–4]. In such systems the num-
bers of fractures that are larger than a specified size
are related by power law to the size. The physi-
cal laws governing the fractal structures are scale-
invariant in nature.

The fractal structures may be either homogeneous
or multiscaling characteristics. It is considered nowa-
days that many physical quantities disobey the con-
ventional scaling laws.

Seismic activity in a given region has a fractal
structure in relation to time, space and in magnitude
[5]. The occurrence of earthquakes is causally linked
to destructions, having a fractal structure. Fractal
dimensions give a quantitative measure of the spa-
tial clustering of epicenters/hypocenters, as well as of
seismicity of the region. Therefore this approach can
also be used for evaluation of the probabilistic seismic
hazard [6].

Some authors have used this method in differ-
ent seismically active regions in order to study the
fractal nature of the earthquake occurrence, the fault
structures, and the resultant seismic hazard, e.g.,
Kanto Japan [7], Mexican subduction zone [8], North
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Anatolian block [9], Himalayan region [10], Koyana-
Warna region [11], Hokkaido, Japan [12], East Java-
Indonesia [13], Northwest Himalayan region [14].

Aki [15] shows theoretically that the fractal di-
mension (D) holds a simple relation with the b-value
of the Gutenberg-Richter law (i.e. D=2b). The b-
value characterizes the fractal dimension in the do-
main of energy of the earthquakes [15, 16], whereas
D provides a measure of the fractal dimension of the
earthquake distribution in space. One could therefore
expect a correlation between D and b values, but the
character of the correlation can change [5, 17–19].

For an aftershock sequence, Ponomarev et al. [20]
have shown that the b-values tend to increase with
time, while the fractal dimension values tend to de-
crease. They have proposed that the temporal change
in D- and b-values characterizes the specific evolu-
tion of the aftershock sequences. For the 2001 Bhuj
earthquake sequence, the b-values and the spatial cor-
relation dimensions suggest a negative correlation for
the first 2 months, while they show a positive correla-
tion for the remaining months of 2001 [21].

In this work, the correlation integral method [22,
23] is used to determine the correlation dimension and
its variations with time. The temporal variation stud-
ies are carried out to see its variation by considering
consecutive windows with overlapping. Similar kinds
of studies have been realized by other workers and
similar results have been reported [24].
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RESEARCH METHODOLOGY

The application of the methods of the fractal sets
[25] has become widespread in geophysics. This re-
flects the fact that fractal analysis is one of the meth-
ods developed for studying self-similar phenomena
and processes, and self-similarity plays an important
role in geophysics [26, 27].

One example of a self-similar structure is the seis-
mic regime, i.e., the set of earthquakes considered as
points in space and time and associated with an ad-
ditional parameter of energy. A classical example,
confirming the self-similarity of the seismic regime
is the Gutenberg-Richter law of repeatability, having
fundamental significance in seismology. For the av-
erage number of earthquakes on a given area N (M)
with magnitudes bigger than M, attributed to a single
time interval, it is given by the expression:

lgN(M) = a−bM, (1)

where a and b are parameters of the law of recurrence.
Estimation of the value of the parameter b is made

by the method of maximum likelihood [28]:

b =
lge

M−MC
(2)

Where M is the average value of the magnitudes and
MC is the minimum value of completeness of the
earthquake catalog.

The present study uses the fractal correlation di-
mension D2 of the earthquake epicentral distribution.
The so-called correlation integral C(∆) is used as sta-
tistical estimation of the fractal dimension in the real-
ization of the N vector {x1, . . . ,xN}:

C(∆) =
2

N(N−1) ∑
i, j

H(∆−|xi−x j|) (3)

where H(z) is the Heaviside step function, equal to 1
at z ≥ 0 and equal to 0 at z < 0, and the summation
is carried out in all different pairs (xi,x j) [22, 23]. If
the set of points is scale-invariant, then C(∆) is rep-
resented by a power law: C(∆) ∝ ∆D2 , where D2 is
defined as correlation fractal dimension.

D2 = lim
r→0

lgC(r)
lgr

(4)

where N is the total number of points (earthquakes),
r = |xi−x j| is the distance between the vectors xi and

x j, which define the location of the points. The dis-
tance between two events in km is calculated by the
formula:

r = 111arccos
[

cosθ1 cosθ2

+ sinθ1 sinθ2 cos(φ1−φ2)
]

(5)

where (θ1,φ1) and (θ2,φ2) are the latitude and longi-
tude of each two earthquakes from the series.

Defined this way, the parameter gives a measure
of the level of fractal clusterization of the points. The
lower values define tighter clusters [3]. If the points
are randomly distributed in a two-dimensional space,
then D2 is 2. Reduction of its value to less than 2
means that the distribution of points tends to cluster-
ing to a greater extent than if it is completely random.

These two parameters - b and D2 - are indepen-
dent measures of the scale-invariant properties of the
earthquake distribution in magnitude, and, respec-
tively, of the earthquake spatial clustering.

DATA AND OBTAINED RESULTS

Seismic Regions

For studying the temporal properties of seismicity
the following data have been used: from the regions
Riverside and Parkfield in California; from California
North Coast; and from Central Asia. Each catalogue
contains several thousands of earthquakes for the pe-
riod 1900-2006.

The catalogues have first been filtered in order to
remove the aftershock (secondary) events. This has
been carried out by means of the program Zmap [29],
in which the Reasenberg [30] method of declusteri-
zation has been embedded. In order to provide ho-
mogeneity of the declusterized catalogue, a check for
data completeness has also been performed to define
the minimum magnitude MC of the catalogue data,
over which all events in the considered spatial and
temporal range, covered by the catalogue, have been
registered.

This study defines the b-value from the
Gutenberg-Richter law (1) and the fractal correla-
tion dimension D2 – (3) and (4) – of the earthquake
epicentral distribution. The graph of the cumulative
number of distances between the pairs of epicenters
in a double-logarithmic scale is used. The fractal co-
efficient is obtained from the slope of the straight-line
portion of the dependency, built by the method of
least squares.
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Only the coordinates of the earthquake epicen-
ters have been considered in the present study, al-
though the analysis of the hypocenters in the real
three-dimensional space would be more natural from
a physical point of view. This is justified by the fact
that in the existing catalogues the depth of the earth-
quakes is defined with lowest precision.

A major task is to trace the variation of the param-
eters b and D2 over time. In order to calculate the
values of these parameters, a program in FORTRAN
has been developed. A “sliding window” with a fixed
number of events, for which b and D2 are obtained,
has been used. The parameters are related to the pe-
riod of time, covered by the corresponding window.
Then this “window” is shifted at a certain pace, over-
lapping part of the data from the previous calculation,
and the procedure is repeated again. The choice of
windows with a certain number of events is a better
option than fixing the duration of a time interval for
making the same calculations.

After that diagrams are drawn to trace the develop-
ment of both parameters over time and the availability
of a correlation between them.

Table 1 presents the number of earthquakes for
each studied region, remaining after the removal of
the aftershock events, as well as the magnitude of
completeness MC. The parameters of the “sliding
windows”, as well as the number of the overlapping
earthquakes are also given in the table. The last col-
umn shows the obtained correlation between the pa-
rameters b and D2.

Parkfield region, California, is situated in a rela-
tively straight-line section of the fault San Andreas
in Central California. In this region the movement
on the fault occurs as a right-lateral slip during earth-
quakes and also as an aseismic slip (“creep”). The
catalogue contains 607 earthquakes with magnitude
between 3.0 and 5.8 for the period (1932-2006).
The catalogue data about the considered region are
within the geographic window: (35.5÷ 36.5◦N) and

(119.8÷121◦W ). The depth interval of the hypocen-
ters deployment is up to 30 km [31].

The results from the calculations related to this re-
gion are shown in Fig. 1. As it can be seen, both stud-
ied parameters develop in time, and the biggest dy-
namics is observed for the period (1983-1987), which
is associated with the occurrence of two strong earth-
quakes in the region.

The earthquake catalogue related to the northern
part of the coastal region of California contains 2057
events with magnitude of M ≥ 3.0 for the period
(1971-2001). The earthquakes are located in the geo-
graphic window (36.5÷39.0◦N), (120.5÷123.0◦W ).
[32]. The results from the analysis are shown in
Fig. 1. Both studied parameters show development
over time and the most variation is observed for the
period (1984-1990), during which a number of strong
earthquakes happened and in 1989 an earthquake with
magnitude M = 7.9 occurred in this region.

The region of Central Asia is characterized by
a high level of intercontinental seismicity, justified
by intensive geodynamic interaction between a num-
ber of big lithospheric plates - the European, Asian,
Indian, and Chinese. The catalogue contains 5218
earthquakes with magnitude between 3.3 and 7.7 for
the period (1962-1993) [33]. The events are located in
the following geographical window: (35.0÷ 45◦N),
(65÷ 82◦E). A depth interval of up to 100 km has
been chosen in order to analyze only the crustal seis-
micity. For this region the biggest variations are char-
acteristic for the period (1971-1975).

South California is one of the most seismic re-
gions in the world. Riverside region’s geology is
complex, mainly as a result of the interaction be-
tween the fault tectonics of San Andreas fault and the
compression movements of the Peninsular Ranges
chain. The full catalogue of the Riverside region
contains 9263 earthquakes with magnitudes from 3.0
to 7.7 and depth up to 60 km, for the period (1932-
2006) [34]. The data are placed in the geographical

Table 1. Data about the researched regions

Seismic Number of Magnitude of Number of Number of Correlation equation
zone/region earthquakes completeness events in overlapping

MC “sliding window” events

Parkfield, California 527 3.3 100 90 b = 1.72−0.68D2,R =−0.79
North Bay, California 2057 3.0 200 180 b = 1.72−0.68D2,R =−0.68
Central Asia 3170 3.3 300 200 b = 1.23−0.32D2,R =−0.54
Riverside, California 5131 3.0 200 180 b = 1.16−0.09D2,R =−0.14
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Fig. 1. Temporal variations of the parameter b and the fractal coefficient D2 for the studied seismic regions: A – Parkfield;
C – North Bay, California; E – Central Asia; G – Riverside (The temporal coordinate corresponds to the date of the last
earthquake, falling into the corresponding window of calculations.). Correlation between the parameter b and the fractal
coefficient D2: B – Parkfield; D – North Bay, California; F – Central Asia; H – Riverside. For each value of the shown
parameters the standard deviations are also depicted.
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window (32.5÷ 35.5◦N), (114÷ 119◦W ). As it can
be seen from Fig. 1, the variations in both studied pa-
rameters - b and D2 - are very dynamic. For the pe-
riod (1932-2006) thirteen (13) earthquakes occurred
there with magnitude M ≥ 6.0 and 50 - with magni-
tude 5.0≤M < 6.0, not taking into account the after-
shocks, observed after some of the strongest quakes.
Strong activation was observed for the periods (1945-
1952), (1968-1971), (1986-1992).

All studied seismic regions are characterized by a
negative correlation between b and D2, whose param-
eters are given in Table 1.

Aftershock series

As a second stage of this research, the following
aftershock series were considered: Sumatra 2004 and
Sumatra 2007, Indian ocean; Kashmir 2005, Asia;
Parkfield 2004, California; Kobe 1995, Japan; Loma
Prieta 1989, California.

On 26.12.2004 a destructive earthquake with mag-
nitude MW 9.0 occurred on the island of Sumatra in
the Indian Ocean. The catalogue of the aftershock
series contains 6386 events with magnitude M ≥ 3.2
for the period (2004-2008). For the second aftershock
series of the earthquake with magnitude MW 8.5 on
the island of Sumatra on 12.09.2007, data about 607
events with M≥ 3.2 have been obtained for the period
(2007-2008) [35].

The initial catalogue of earthquakes in the region
of Kashmir, Northeren Pakistan, contains 710 quakes
with magnitude M ≥ 2.9 for the period (2005-2008).
The main quake from 08.10.2005 was with MW 7.6
[35].

Another studied aftershock series is related to an
earthquake near Parkfield, California, which occurred
on 28.09.2004. The series contains 10299 events with
magnitude M ≥ 0.0 for the period (2004-2008) [32].

On 17.01.1995 a destructive earthquake occurred

in Kobe, Japan, with magnitude M7.2. The Earth-
quake Information Center (EIC), Earthquake Re-
search Institute, University of Tokyo is compiling ob-
served data [36]. The catalogue contains 3464 events
with magnitude M ≥ 2.0 for the period (January-
December 1995). After a preliminary analysis only
the quakes at depth of up to 20km were included into
the series.

For the earthquake sequence near Loma Prieta,
California, which happened on 18.10.1989, 11132
events with magnitude M ≥ 0.1 were registered in
the period (1989-1991). The magnitude of the main
shock was defined as MW 6.9 [37].

All aftershock series have been analyzed for com-
pleteness. The numbers of earthquakes for each stud-
ied series, as well as the magnitude of completeness
MC, are given in Table 2. This table also shows the
parameters of the “sliding windows” and the overlap-
ping. The obtained correlation between b and D2 ap-
pears in the last column.

It is typical of this research that the correlation be-
tween the parameters b and D2 is positive; the only
exception is the series of Sumatra 2004, for which
the correlation is negative – Fig. 2. The correlation
equations are shown in Table 2 together with the cor-
responding coefficient of correlation.

DISCUSSION AND CONCLUSIONS

The correlation fractal dimension D2, defined by
the formulae (3) and (4), finds wide application in
seismology, especially in description of the earth-
quakes spatial distribution. The fractal dimension is
a measure of the spatial clustering of the set of seis-
mic events, considered as points in a two- or three-
dimensional space, i.e., it can be applied both for the
epicentral distribution and for the distribution of the
hypocenters of the earthquakes.

Table 2. Data about the considered aftershock series

Earthquake Number of Magnitude of Number of Number of Correlation equation
earthquakes completeness events in overlapping

in series MC “sliding window” events

Sumatra 2004 3561 4.5 500 250 b = 1.69−0.51D2,R =−0.69
Sumatra 2007 290 4.7 50 20 b = 0.57+0.13D2,R = 0.42
Kashmir 2005 594 3.5 50 40 b = 0.41+0.32D2,R = 0.52
Parkfield 2004 141 2.6 10 5 b = 0.58+0.67D2,R = 0.34
Kobe 1995 3134 2.0 300 100 b = 0.70+0.32D2,R = 0.36
Loma Prieta 1989 1052 2.0 100 50 b = 0.54+0.25D2,R = 0.42
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Fig. 2. Variations of the parameter b and the fractal coefficient D2, defined for the aftershock series: A – Sumatra 2004; C
– Sumatra 2007; E – Kashmir 2005; G – Parkfield 2004; I – Kobe 1995; K – Loma Prieta 1989 (The temporal coordinate
corresponds to the data of the last earthquake, falling into the respective window of calculations). Correlation between the
parameter b and the fractal coefficient D2: B – Sumatra 2004; D – Sumatra 2007; F – Kashmir 2005; H – Parkfield 2004;
J – Kobe 1995; L – Loma Prieta 1989. For each value of the shown parameters the standard deviations are also depicted.
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Fig. 2. (continued)

Many authors carry out research of the temporal
evolution of seismicity, characterized by the two pa-
rameters: the b- value from the law of repeatabil-
ity and the corresponding correlation fractal dimen-
sion D2 of their epicentral distribution. Such results
are obtained for the region of Tohoku, Japan [5, 38];
for parts of California [39, 40]; for North-East Brazil
[39]; Italy [41]; the region of the North Anatlolian
fault in Turkey [9]; for region Koyna Dam, India [42],
Central Alborz, Iran [43]. For all these cases a neg-
ative correlation between the two studied parameters
has been obtained.

The results presented here correspond to the pub-
lished results. It means that the described type of
correlation between the b-value and the fractal coeffi-
cient D2 is also valid for the seismic regions studied in
this paper. It is noteworthy that the correlation equa-
tion between b and D2 for the two studied regions -
Parkfield and the Northern coast of California - is the
same.

The study of the temporal variations of the b-value
and the fractal dimension D2 is carried out mainly
with the aim of looking for prognostic phenomena
before strong earthquakes. Although the seismolo-
gists are far from finding a stable prognostic picture,

considerable reduction of the b-value and increase in
the value of the fractal dimension D2 before a strong
earthquake have been described in many publications.
It means reduction of the dominance of the weak
earthquakes and at the same time a tendency for for-
mation of tight clusters of earthquakes in the fault re-
gion.

When studying aftershock series another type of
equation is obtained for the correlation between the
parameters b and D2 - a positive one. The only ex-
ception is the series of earthquakes on the island of
Sumatra from 2004. There are various hypotheses,
explaining this positive correlation. Such a behavior
could be due to the change in the properties of the
rocks, caused by the main quake of the series. Flu-
ids migrate into the destroyed region after that, and
this leads to increase of the stress in the pores of the
rock massifs. As a result groups of weaker earth-
quakes, clustered in space, appear. Observations of
rock samples in laboratory experiments show that the
variations in the b-value can be related to the stress
in the environment. When the stress goes up, the b-
value decreases.

The possible reasons for the negative correlation
were discussed by Henderson [17], who compared
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the observations of a local seismic sequence with an
acoustic emission during a rock sample destruction.
He found similarity in the distribution of the events
magnitudes. This leads to considering a model of
seismicity, characterized by a law of increase of the
fractures, derived from Fracture Mechanics, which
includes possibilities for both types of correlation -
positive and negative. The model describes a process
as a transition from a period of earlier scattered seis-
mic events with small magnitude to a period of greater
magnitudes (lower value of b) and greater clustering
after that (accompanied by a higher value of the frac-
tal coefficient D2).

The correlation between the b-value from the
Gutenberg-Richter law and the fractal dimension D2
has been widely discussed over the past years. After
Aki [15] proposed a simple relationship between the
two parameters of the type D2 = 2b, both positive and
negative correlations were described in different pub-
lications about the variations between these two scale
coefficients. In some cases they can even change from
one type into the other.

The variations in the b-value depend mainly on
the degree of stress or the level of heterogeneity of the
fault environment, while the variations of the fractal
dimension depend mostly on complexity or the level
of heterogeneity of the fault systems. Change in the
b-value from b < 1 to b > 1 is observed immediately
before and after a strong earthquake.

The negative correlation means that there is con-
siderable occurrence probability for an earthquake
with a greater magnitude, indicating release of stress
over faults with greater fault planes.

A positive correlation means that the probability
for a strong earthquake reduces in response to the in-
creasing fragmentation of the fault region. This indi-
cates further that the release of stress occurs on faults
with narrower surface stretch.

Such variations in the correlations between b and
D2 can be explained in terms of increasing stress on
the main branch of the self-similar fault system be-
fore rupture and subsequent release of stress on and
around the main fault and on secondary branches of
the fracture system after the main quake.

Fractal properties of seismicity can be measured
by fractal dimensions that are introduced as a statis-
tical tool to quantify the dimensional distribution of
seismicity, its randomness or clustering.

The fractal dimension may be used as a quantita-
tive measure of the degree of heterogeneity of seis-

mic activity in fault systems of a region, and it is
controlled by the heterogeneity of the stress field and
the existing and preexisting geological, mechanical,
or structural heterogeneity. A change in the fractal di-
mension corresponds to the dynamic development of
the states of the system.

One of the most important seismological param-
eters used to describe an set of earthquakes is the b-
value in the Gutenberg-Richter frequency-magnitude
equation. It characterizes the distribution of earth-
quakes over the observed range of magnitudes. It is a
basic parameter in seismology for its association with
geotectonic features of an seismic area. The b-value
is influenced by the degree of heterogeneity and frac-
ture density in the area. The b-value is influenced by
the degree of heterogeneity and fracture density in the
area. The state of stress, rather than the heterogeneity
of the material constituting the rocks, plays the most
important role in the b-value variation.

Therefore it is important to understand the
frequency-magnitude relation and fractal dimension
of seismicity in assessing the earthquake hazard of a
tectonically active region.
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ВРЕМЕВИ ВАРИАЦИИ НА ФРАКТАЛНИТЕ СВОЙСТВА НА СЕИЗМИЧНОСТТА

Е. Марекова

Физически факултет, Пловдивски университет “Паисий Хилендарски”,
ул. “Цар Асен“№24, 4000 Пловдив, България

(Резюме)

За много природни явления и обекти е характерна хаотичност и независимост от мащаба, в който те се изучават. Пример
за подобни явления са земетресенията, изучаването на които показва, че много техни свойства не зависят от мащаба им. При
изучаването на земетресенията свойството на мащабна независимост най-напред е било установено за разпределението им
по сила (закон за повторяемост на Gutenberg-Richter) и за спада на интензивността на афтершоците във времето. По-нови из-
следвания показват, че и други свойства на земетресенията се характеризират с независимост от мащаба на реализация. Така
например фрактални свойства проявяват както афтершоковата реализация, така и регионалният сеизмичен процес.

В настоящата работа се прави оценка на изменението във времето на фракталните коефициенти на площното разпределе-
ние на земетресения от няколко сеизмични региона. При анализа на пространствената структура, се използва така наречения
двуточков корелационен интеграл. Направени са и аналогични оценки на b-стойността от закона на Gutenberg-Richter. Меж-
ду фракталните коефициенти за земетръсните серии и съответните им b-стойности е установена отрицателна корелационна
връзка.

Аналогичен анализ е направен и на изменението във времето на фракталните коефициенти на площното разпределение
на земетресения от няколко афтершокови серии. Между фракталните коефициенти за афтершоковите серии и съответните им
b-стойности е установена положителна корелационна връзка.
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