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Edge eccentric connectivity index of nanothorns
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The edge eccentric connectivity index of a graph G is defined as é:(G)ZZ/'eE(G)degG (f)ecs () where

deg, (/) is the degree of an edge s and e, (f) is its eccentricity. In this paper, we investigate the edge eccentric

connectivity index of a class of nanographs, namely, nanothorns and we present an explicit formula for the edge
eccentric connectivity index of nanothorns. The results are applied to compute this eccentricity-related invariant for
some important classes of chemical graphs by specializing components of this type of graphs. In addition, an algorithm
is designed for calculating the edge eccentric connectivity index of graphs.
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INTRODUCTION
Let G=(V,E ) be a connected simple graph
with vertex and edge sets V(G) and E (G),
respectively. If |V(G)|=n and |E(G)|=q, we
say that G is an (n,q)—graph. The degree of a
vertex veV(G), denoted by deg, (v), is the

number of edges incident to v. A vertex of degree
one is called a pendent vertex. The edge incident to
a pendent vertex is called a pendent edge. The

distance d.; (u,v) between two vertices u and v

in G is the length of the shortest path between
them. The eccentricity of a vertex ueV(G),

denoted by ec, (u) , is the largest distance between
u and any other vertex v of G.Let f =uv be an
edge in E (G) Then the degree of an edge f,

denoted as deg, ( f ), is defined to be
deg,; (f)=deg; (u)+deg;(v)—2. For two
edges f, =uyv,, f, =u,v, in E(G) , the distance
between two edges f

dG(fl,fz), is

and f,, denoted as
defined to be

dG(fl’fZ) zmin{dG(”p“z)adG(”l’Vz)adG(Vv“z):dG(Vlavz)}

. The eccentricity of an edge [, denoted by
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defined as

ecG(f), is
eci (f) :maX{dG (f,e)|ee E(G)} The corona

product Go H of two graphs G and H is defined
as the graph obtained by taking one copy of G and

V(G) copies of A and joining the ith vertex of

G to every vertex in the ith copy of H [3,7]. We
will omit the subscript G when the graph is clear
from the context.

A topological index is a numerical descriptor of
the molecular structure derived from the
corresponding  (hydrogen-depleted)  molecular
graph. Various topological indices are widely used
for quantitative structure-property relationship
(QSPR) and  quantitative  structure-activity
relationship (QSAR) studies [2,14,16-17,19].

The eccentric connectivity index of G, &° (G) ,

proposed by Sharma, Goswami and Madan [24],
has been employed successfully for the
development of numerous mathematical models for
the prediction of biological activities of diverse
nature [21-22]. It is defined as

£(G)= Zvey(g)degc (v)ecs (v),
where deg,. (v) denotes the degree of the vertex v

in G and ec, (v) is the largest distance between

v and any other vertex u of G . The quantity

ec, (v) is named as the eccentricity of vertex v in

G. In fact, one can rewrite the eccentric
connectivity index as
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£(G)= ZWEE(G)(QC(”) +ec(v)).

The total eccentricity of a graph G [18],
denoted by H(G), is the sum of all the

eccentricities of G , that is,
49(G) = ZveV(G)ec(v) .

The eccentric connectivity and total eccentricity
polynomials of G are defined as

E(G,x)= ZVEWG) deg, (v) ¥ and

0(G,x)= ZVEV(G)XECG(V) ’

respectively. It is easy to see that the eccentric
connectivity index and the total eccentricity of a
graph can be obtained from the corresponding
polynomials by evaluating their first derivatives at
x=1.

The edge version of eccentric connectivity index
of G, & (G), proposed by Xu and Guo [25], is
defined as

£(0)= 2 exoydege (f) e (f),
where deg,. (f) is the degree of an edge f and

EC; ( f ) is its eccentricity.

The Zagreb indices are the most known and
widely used topological indices. The first and
second Zagreb index of a graph were first
introduced by Gutman and Trinajsti¢ [13], defined
as

M, (G)= ZVEV(G)deg(V)Z )
M,(G)= ZuveE(G) deg (u)deg(v)

respectively.
The first Zagreb index can be also expressed as

a sum over edges of G,

M,(G)= zweg(a)(degc () +degg (v))

It is important and of interest to understand how
certain invariants of composite graphs are related to
the corresponding invariants of the original graphs.
The concept of thorny graphs was proposed by
Gutman [12]. Let G be a connected graph on n

vertices. The thorn graph G of G is obtained by
attaching p, new vertices of degree one to the

vertex u, of the graph G, where p, >0 and
i=1,...,n. The p, pendent vertices attached to
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vertex u, are called the thorns of u,. Recall the

definition of the corona product. In particular, if
p=p,=...=p,=p, then the thorny graph

G = GOK_p, where K_p denotes the complement

of a complete graph K .

The concept of thorn graphs was found in a
variety of chemical applications as given in Refs.
[4-6,11-12,15,20]. Interesting classes of graphs can
also be obtained by specializing the parent graph in
thorny graphs. Plerograms and kenograms are the
two types of molecular graphs. Molecular graphs
will be depicted in a usual way — atoms will be
replaced by vertices and bonds by edges. In modern
chemical graph theory, the plerograms are
molecular graphs in which all atoms are represented
by vertices whilst the kenograms are referred to as a
hydrogen-suppressed or hydrogen-depleted
molecular graphs [1]. The name thorn graphs for
plerographs was introduced by Gutman [12]. What
Cayley [1] calls a plerogram and Pélya [10] a C-H
graph is just a thorn graph [12] and the parent graph
would then be referred to as kenogram or a C-
graph. In addition, caterpillars are the thorn graphs
whose parent graph is a path [9]. For a given graph
G, its t-fold bristled graph Brs, (G) is obtained

by attaching ¢ vertices of degree 1 to each vertex of
G . This graph can be represented as the corona of

G and the complement graph on ¢ vertices K, .
The ¢-fold bristled graph of a given graph is also
known as its -thorny graph.

The paper proceeds as follows. In Section 2, the
edge eccentric connectivity index of thorn graphs is
investigated. Then, the results are applied to
compute this eccentricity-related invariant for some
important classes of graphs in terms of the
underlying  parent graph by  specializing
components and consider some special cases. A
polynomial time algorithm is proposed in order to
calculate the edge eccentric connectivity index for
any simple finite connected graph without loops
and multiple edges in Section 3.

MAIN RESULTS

Let G be an (n,m)-graph and G" be the thorn
graph of G with parameters p,, p, >0,
i=1,...,n, We let t; be the jth thorn attached to
the vertex u, of G, where j=1,...,p,. By the

definition of thorn graphs, for every edge f in G,
it holds that
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degG(ui)+p,.+degG(uj)+pj—2,
iff =uu, EE(G);

deg . =
o (f) deg; (ui)+pi -1,
if f =u;; is a pendent edge in G.
and
ec; (f) +1,
iff e E(G);
ecG*(f)z o (u)
G i)

if f =u; is a pendent edge in G

Now, we start to compute the edge version of
eccentric connectivity index of thorn graphs.

m)-graph. If G
is the thorn graph of G with parameters p,,

Theorem 2.1. Let G be an (n,

p,>0,i=1...,n,then
£(G7)=£(G)+M,(G)-2m+

Z (p[+pj)(ecG(uiuj)+l)+

f:u,uleE(G)
Zpi (degG (”i ) TP _l)eCG (”;)
i=1

Proof. By the definition of edge eccentric
connectivity index, we have:

£(07)= 2 degg (fec, (f)

feE o
= z deg . (uiuj )ecG* (Miuj)-i-

S=uu;€E(G)
n_ b

dee (i, (i)

i=l j=1

By substituting the values of parameters due to
the definition of thorn graphs, we compute

s(0)=

3 (degq (m)+ py+degg (u;)+ p, —2)(ecq (mu;) +1)+
f=uu;<E(G)
Zz:i(dego l)ecc(u )
TS () o) -2 o
f:uiujeE(G)

2 (degG(ui)+degG("1)—2)+
f:u,u,EE(G)

Z (pl.+p_,)+

f=uu; €E(G)

2 (pl. tp; )ecG (”i”.f)+

f=uu; €E(G)

Zpi (degG (u,)+p, —l)ecG (u,)

Since
3 dexo(e VEVZ(‘,G)(degG(v))ZJIE(G)I 8],
we get
£(G)=&(G)+M,(G)-2m+
> (pi+pj)(ecc(uiuj)+l)+

S=uu;€E(G)
zpi (degc (ui)+pi _1)606 (”z)
i=l1

Hence, the desired result of &; (G*) holds.

The following corollaries for thorny graphs
follow easily by direct calculations.

Corollary 2.1. If G* is the thorn graph of an
(n, m) -graph G with

p=p,=...=p,=p,then
& (G) =& (G)+ M, (G)+2m(p-1)+
p(¢°(G)+(p-1)0(0))+
2p DL ec, (ul.uj)

parameters

f=uai,E(G)
Corollary 2.2. If G~ is the thorn graph of an
(n, m) -graph G with parameters
p=p,=...=p,=1,then

5(6")=&(G)+M,(G)+
G)+2 Z ecG(ul.uj)'

Sf=uu;eE(G)

Observation 2.1.

By Corollary 2.1, the edge eccentric
connectivity index of #-fold bristled graph of a
given graph G can easily be computed.

Example 2.1. Let G be an (n,m)—graph. Then
& (Brs, (G)) =& (G)+M,(G)+2m(t-1)+
t(&(G)+(t-1)0(G))+
2t z ec; (uiuj)

Sf=uu;€E(G)

For the simple bristled graph (£ =1)
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& (Brs, (G))=&(G)+M,(G)+

£(G)+2 Z ec; (ul.uj)

f=uu;eE(G)

From the above formula and Observation 2.1,
the edge eccentric connectivity index of the #-fold

bristled graph of P, and C, can easily be

computed.

n(n(1+¢(t+5)/2)-2¢),
if n is even,;
n(n—1+t(nt—t+3n—3)/2),
if n is odd.

Note that the 2 -fold bristled graph of P, is the

molecular graph related to polyethene.

3n(n(¢ +30+2)-8)~(2n(t+13)+1-17)+26

4

£ (Brs/ (P”)) _ if n is odd;

n(3n(t2+3t+2)—2(t2+13t+12))

4+4t+6
if n is even.

and

Table 2.1. Invariants of path and cycle

G L C,
(3n° —16n+21)/2,
. if n is odd;
“(9 (3n” ~161+20) /2, n|(n=2)f2]
if n is even.
(3n2—6n+4)/2, n’,
£(G) if n is even; if n is even;
3(n-1))2 n(n-1),
if 71 is odd. if n is odd.
3/4n* —1/2n, 1/2n%,
G(G) if n is even; if n 1s even;
3/4n* —1/2n-1/4, 1/2n(n—1),
if n is odd. if n is odd.
M,(G) 4n-6 4n
(3n* -12n+9) /4,
_ Z ecg (”i”.i) i is odd; nL(n—2)/2J
i <E(C) (3n* —12n+8)/4,
if n is even.

COMPUTING THE EDGE ECCENTRIC
CONNECTIVITY INDEX OF A GRAPH

In this section, a polynomial time algorithm is
proposed in order to calculate the edge eccentric
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connectivity index for any simple finite undirected
connected graph without loops and multiple edges
by using the exploration algorithm BFS [23]. The
adjacency matrix A is used to store the neighbors
of each vertex.
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Algorithm. The Edge Eccentric Connectivity Index

forall veV do

BFS(G,v);
o[v] « 0;
forall ueV do
D[v,u] « dist[u] ;
o[v] « o[v]+ A[v,u];
end
end
& (G) <o,

for all f,(u,,v,) € E do
deg;(f)) < Ouy ]+ 612
for all f,(u,,v,)e E do

The Edge Eccentric Connectivity Index
calculation algorithm runs in polynomial time. The
running time of function BFS(G,v) is

O(|V| +|E|) and the function BFS(G,v) runs for
all ve V(G) . Since the binary combinations of the
|E | |E | / 2 are

handled one by one in the algorithm and since

|E| |V| |V| /2 the complexity for the

algorithm described is O (|E|2 ) =0 (|V|4)
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WHaekc Ha eKCIEeHTpUYHA peOpoBa CBBP3aHOCT HA HAHOTOPHU
3. H. bepbepnep, M. E. bepbepiiep

Hayuen ¢paxynmem, Jlenapmamenm no xomniomopuu nayku, Yuuseepcumem Jloxys Etnyn, 65160,
Wsmup, Typyus

Ilomydena na 28 stayapu, 2015 T, xopurupana Ha 27 1onm, 2015 r.

WHpekchT Ha  eKcUeHTpHYHa peGpoBa  cBbp3aHocT Ha emuH  rpadp G ce  nmepummpa  Karto
. _ . .
é"(G)_z/eE( )degg( f)ch( f), KBIETO dega( f) € CTeleHTa Ha emHO pedpo f H ECG( f) € Heromara
eKCIIEHTPUYHOCT. B Tasm cratus wuscnmenBame MHIEKCA Ha EKCIEHTpUYHA pebpoBa CBBP3aHOCT HAa €IUH KIac
HaHorpadu, a IMEHHO HAHOTOPHHU U IPEJCTaBsAME eHa eKCIUIMIUTHA (GopMyIia 3a HHAEKca Ha eKCIEHTPHYHA peOpoBa
CBBP3aHOCT Ha HAHOTOpHM. PesynratMre ce mnpuiaraT 3a H3YMCIABAaHE HAa TO3M WHBAapUAHT, CBBP3aH C

CKCHECHTPUYHOCTTA 3a HAKOW BaXHHU KJIACOBC XMMUYCCKU rpa(bH OT CNC€OHAJIM3UPAaH KOMIIOHCHTHU Ha TO3W THUIT rpa(bn.
B JOIIBJIHCHUEC, € KOHCTPYHPAH aJITOPUTHM, IMPECAHA3HAYCH 3a U3YUCIABAHEC Ha MHACKCA Ha €KCHCHTPpHUYHATa pe6pOBa

CBBP3aHOCT Ha Tpadu.
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