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A new formula of loess earth pressures based on the joint strength theory
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Because the effect of tensile strength on the calculation of the earth pressure of loess is worthy of further evaluation,
based on the joint strength theory that fully considers tensile and shear properties of loess, this paper first analyzes active
and passive limit stress equilibrium, then derives new calculation formulae for active and passive earth pressures, and
finally verifies these new formulae and compares them with Rankine’s classical formulae for active and passive earth
pressures. The results show that the active earth pressure of loess based on the joint strength theory is larger than the
Rankine’s active earth pressure; the passive earth pressure of loess based on the joint strength theory is smaller than the

Rankine’s passive earth pressure.
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INTRODUCTION

Classical earth pressure theories derived from the
Mohr-Coulomb strength theory, mainly include
Rankine’s earth pressure theory and Coulomb’s
earth pressure theory [1].

The concept of earth pressure calculation was put
forward in 1773. Coulomb’s earth pressure theory [2]
and Rankine’s earth pressure theory [3] are two
classical earth pressure theories proposed in 1776
and 1857 respectively. These studies have laid the
preliminary foundation for the research on earth
pressures.

Xie et al. [4] and Gao et al. [5] derived formulae
to calculate active earth pressures and passive earth
pressures. Zhang et al. [6] obtained formulae to
calculate active and passive earth pressures. The
above studies promoted the calculation of earth
pressures on the retaining wall.

To expand the research fields of earth pressures,
Nakai et al. [7] introduced the FEM into the
calculation of earth pressures on the retaining wall.
Zhu et al. [8] set up unified expressions of earth
pressures on the inclined retaining wall. Hu et al. [9]
studied active earth pressures on a retaining wall in
a non-limit state via the thin-layer element method.
Zhao et al. [10] established a unified solution to
Coulomb’s active earth pressures of unsaturated
earth. And Ma et al. [11] introduced the concept of
structurality of loess to the calculation of earth
pressures. The above studies have promoted the
development of earth pressure. However, all these
studies failed to discuss or evaluate the tensile
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strength of structural loess.

In order to consider the tensile strength of
structural loess reasonably, Li et al. [12-14]
introduced structural parameters into the joint
strength theory for structural loess, and put forward
a simplified hyperbolic strength formula for
structural loess. In addition, based on the hyperbolic
strength formula for structural loess, Song et al. [15]
introduced structural parameters to the hyperbolic
strength formula for structural loess. The above
results have fully considered the tensile strength and
the shear strength of structural loess.

Therefore, based on the joint strength theory that
fully considers tensile and shear properties of loess
and through analyzing active and passive limit stress
equilibrium, new calculation formulae for active and
passive earth pressures will be derived, verified and
compared with Rankine’s classical formulae in the
present study.

METHODS
The joint strength theory

To evaluate the tensile strength effect of
structural loess reasonably, the curvilinear relation
between tensile strength o; and cohesion force c
obtained by tests, as shown in Fig.1. Formula (1) is
the fitting formula.

0,=10°c*-0.0011c* +0.7081c -1.8913 (1)

Via tensile tests and triaxial shear tests, Li et al.
[12] obtained strength failure stress circles as shown
in Fig.2. Via analyzing Fig.2, the tensile strength
values based on the reverse extension lines of Mohr-
Coulomb strength lines are 2~3 times significantly
higher than the corresponding actual test values.
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Results indicate that the Mohr-Coulomb failure
criterion overestimate the tensile strength of loess.
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Fig. 1. The correlation between the tensile strength
and the cohesive force of structural loess
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Fig.2 The strength failure lines based on their tensile
and shear properties: a) Intact loess; b) Remolded
loess.

In Fig.2, Mohr-Coulomb strength lines in the
tension-shear region are represented by smooth
curves. Apparently, one strength line can be
obtained after curve-fitting with a smooth curve used
in the tension-shear zone and pressure-shear zone
respectively. As a result, the strength line can reflect
the tension-shear and pressure-shear failure.

In plane o-7, the joint strength formula can be shown
as follow:

2 =(c+otang)’ —(c+o, tang)’ @

Among them, ¢ is the internal friction angle of
the backfill behind the wall.

Derivation premise and hypothesis on loess earth
pressures based on the joint strength theory

The basic assumption is adopted in the Rankine’s
earth pressure theory. As shown in Fig.3, on stands
for the horizontal stress, and oy stands for the vertical
stress.

For the convenient description, the joint strength
line is divided into three sections: section | indicates
the strength line with the horizontal stress in the
tensile-shear region, section Il indicates the strength

curve with the horizontal stress in the pressure-shear
region, and section Il indicates the strength straight
line with the horizontal stress in the pressure-shear
region, as shown in Fig.4.

le
Retaining ﬁ,l:]ﬂ
wall

of

Fig. 3 The stress state of soil in slope.
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Fig. 4. The segmentation of a joint strength line.

RESULTS

Derivation and analysis of active earth pressures of
loess based on the joint strength theory

Analysis of limit equilibrium state in active earth
pressure

When the horizontal force on decreases to a
certain extent, the Mohr’s stress circle is right
tangent to the joint strength line. At this point, the
horizontal force oy is the active earth pressure pa.

The active limit equilibrium state of soil can be
analyzed in three cases (Fig.4). In the first case, the
horizontal stress decreases to the extent that the
Mohr’s circle is tangent to section Il1; in the second
case, the horizontal stress decreases to the extent that
the Mohr’s circle is tangent to section II; and in the
third case, the horizontal stress decreases to the
extent that the Mohr’s circle is tangent to section I.
When the soil is in a state corresponding to the first

case:
p, =yztan’ (450 —ﬂj —2ctan (450 —fj
2 2 (3)

When the soil is in a state corresponding to the
second or third case, active earth pressures on the
retaining wall can be derived based on the joint
strength.

(2) Derivation of new loess active earth pressure

When the Mohr’s stress circle is in an active limit
equilibrium state(as shown in Fig.5). Assume that
point G is the tangent point, point E is the center of
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the Mohr’s stress circle, and line segment GF is
perpendicular to axis ¢ with point F as the pedal
point.
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Fig. 5. The active limit equilibrium state
According to formula(2), the ordinate of point G
can be obtained. So G ( %

\/(c+aG tango)z—(c+o—‘ tan(p)z ). The slope k; of the

tangent point G can be calculated as:
(c+ogtangp)tang

(8
do \/((:+<7‘3 tan )’ —(c+o, tanp)’ (&)

Accordingly, the equation for the normal line at

point G can be calculated as:

r—tg == (0=0,)

5 5)
Based on formula(5) and equation =0, the
abscissas of E can be acquired as:

o = os +Cctang
£ cos’p °©

(6)
og +Ctang

1
Therefore, center point E (cos’ ¢ ,0).

In AGFE, IGF|=7a ang IFEI=%%e The radius of
the Mohr’s stress circle can be expressed:

EG|=\(k 76 )" +72 ™

The equation for the corresponding Mohr’s stress
circle can be determined as:

2
{0—[ 12 oe +ctan(pﬂ +72=22 (1+k2)
cos® ¢ ! (8)

When z=0 in equation(8), the major principal
stress (o1) and the minor principal stress (o3) can be
calculated respectively as:

1
0, =———0g +ctanp+./z +75k!

cos’ ¢ 9)
1
ngcosz(pJG+Ctan§0—\/‘ré+rékt2 (10)

Put formula (4) and 7 into formula(9) and
formula(10), then:

alzilz aG+ctan(p+\/(c+oGtaan)2~ ——(c+o tangp)’
4

cos cos’ ¢
(1)
o :ﬁ% +ctan¢—J(c+aG tanp)’ -m—(uq tang)’
(12)

According to formula(11), an inverse solution
can be made as:
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O :—\/sin2 07 +2¢sing-cosp-o; —cos” (o} tan® p+ 2¢- o, tan p) + o

(13)
To simplify formulae, let:
A=—cos’ (o] tan® p+2c- o, tan p)
B =2csing-cose
D=sin’p
(14)

Then formula(13) can be simplified as:
0, =—+D-67+B-c,+A+0, (15)

In the same vein, formula(12) can be simplified

as:
0.=—+D-c+B-c,+A+0, (16)

Formula(15) and formula(16) are equal:
\/D~0'32+B-<73+A+03:—1/D-012+B~0'1+A+0'1 (17)

After transforming formula(17), o3 can be
calculated as follows:

7
7\14(:052(D(ZJ,JD-JIZ+B-J,+AfD-Jf7B-Jlfof)+(26,+872"D-of+B-6,+A)
2cos’ p

+20]+572JD~03+B~01+A

2c0s’ ¢

gy =

(18)

When the soil is in an active limit equilibrium

state, o1=yz, and a3=pa. Then it can be inferred from
formula(18) that:

2
—\/4c052¢(27z‘ D(;/z)2 + Byz+A—D-(yz)2 —B»;/z—(yz)z)+(2yz+B—21 D(yz)z + B-yz+A}
2cos’ @
2724B-2\|D-(y2) +B-yz+ A
JamrEEANEA) PR

2cos’ ¢

Pa =

(19)

where y refers to the weight of the backfill behind

the wall, and z refers to the depth of the backfill
behind the wall.

(3) Verification of the new method of calculating
active earth pressures

To verify the joint strength method, active earth
pressures on a retaining wall (Fig.3) at the height of
25m are calculated. The calculation conditions are as
follows:

In condition C1-1: cohesive force c=20kPa,
internal friction angle ¢=20°, and tensile strength ot
of soil=-12kPa.

In condition C1-2: cohesive force c=40kPa,
internal friction angle ¢=20°, and tensile strength o
of soil =-25kPa.

In condition C1-3: cohesive force c=60kPa,
internal friction angle ¢=20°, and tensile strength o
of soil =-37kPa.

After putting the parameters into formula(3) and
formula(19), two distribution curves can be obtained,
as shown in Fig. 6.
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Fig. 6. The distribution curves of active earth pressure:
(a) Calculation condition C1-1; (b) Calculation condition
C1-2; (c) Calculation condition C1-3

retaining wall/ m

Depth of the backfill behind the

It can be known from Fig.6: active earth pressure
values of loess based on the joint strength theory are
nonlinearly distributed and larger than Rankine’s
active earth pressure values; the tensile crack depth
of the backfill behind the wall based on the joint
strength theory is smaller than that based on the
Mohr-Coulomb theory.

The above results show that the Mohr-Coulomb
strength theory overestimates the tensile strength of
loess.

Derivation and analysis of passive earth pressures
of loess based on the joint strength theory

(1) Analysis of limit equilibrium state in passive
earth pressure

When the horizontal force on increases to a
certain extent, the Mohr’s stress circle is right
tangent to the strength line. At this point, the
horizontal force on is the passive earth pressure pp.
The passive limit equilibrium state of soil can be
analyzed in two cases (Fig.4). In the first case, the
horizontal stress increases to the extent that the

Mohr’s circle is tangent to section II; in the second
case, the horizontal stress increases to the extent that
the Mohr’s circle is tangent to section IlI.
When the soil is in a state corresponding to the
second case:
=yztan? 45°+£]+20tan(45°+£)
py = ratan’ 45°+. ¢ 0
When the soil is in a state corresponding to the
first case, passive earth pressures of loess can be
derived based on the joint strength.

(2) Derivation of new loess passive earth pressure

When the Mohr’s stress circle is in an passive
limit equilibrium state (Fig.7). Assume that point N
is the tangent point, point M is the center of the
Mohr’s stress circle, and line segment NQ is
perpendicular to axis ¢ with point Q as the pedal
point.

d
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Fig. 7. The passive limit equilibrium state.

According to the method of Section 3.1.2. It can
be inferred that:

oy =+D-0l+B-o,+A+o, (21)
oy =+D-cl+B-o,+A+o, (22)

Formula(21) and formula(22) are equal. After
transforming formula, o1 can be calculated, and
o3=yz, and a1=pp, therefore:

\/74coszw(2yz‘ D(,vz)2+Byz+A+D-(yz)’+B-,vz+(,vz)2)+(2yz+B+2JD(yz)2+B.yu A)Z

2c0s’

p, =

272+B+2yD-(y2) +B-yz+ A
G2 B eyOArz) tErzH A
2cos’ ¢

(23)

(3) Calculating verification of passive earth
pressures

To verify the joint strength theory, passive earth
pressures on a retaining wall (Fig.3) at the height of
26m are calculated and analyzed. The adopted
groups of parameters are identical to those in Section
3.1.3.

After putting these different condition parameters
into formula(20) and formula(23) respectively, two
distribution curves of passive earth pressures can be
obtained, as shown in Fig.8.

It can be obtained from Figure 8: passive earth
pressure values of loess based on the joint strength
theory are approximately linear distribution and
smaller than Rankine’s passive earth pressure values;
with increasing backfill depths, passive earth
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pressure values of loess based on the joint strength
theory and Rankine’s passive earth pressure values
gradually approach.

The above results show that the Mohr-Coulomb
strength theory overestimates the tensile strength of
loess.
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Fig. 8. The distribution curves of passive earth
pressures: (a) Calculation condition C2-1; (b) Calculation
condition C2-2; (c) Calculation condition C2-3.

DISCUSSION

The Mohr-Coulomb strength theory
overestimates the tensile strength of loess, ultimately
leading to small Rankine’s active earth pressures and
large Rankine’s passive earth pressures in the
calculation. In contrast, due to the proper
consideration of the tensile strength of loess, active
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and passive earth pressures of loess can be
reasonably evaluated by the joint strength theory.
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