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Mathematical modelling of heat and mass transfer processes in wastewater biological
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In this paper, a mathematical model is presented for wastewater biological treatment of multicomponent pollutants.
The proposed model includes a simulation of the wastewater clarification in the clarifier; simulation of the wastewater
aerobic treatment in the porous medium; numerical-asymptotic approximation for solutions of spatial model problems of
the wastewater aerobic treatment; simulation of singularly perturbed processes of convective diffusion, taking into
account mass transfer and temperature regime; computer modeling of the wastewater biological treatment process in the
aerotank regenerator.

The idea of perturbation theory is used for constructing a mathematical model of an appropriate nonlinear problem
(this theory is based on the consideration of new factors and effects, by perturbing the output, well-known backgrounds,
but not by solving new appropriate intricate modeling problems). The relevant processes, such as “filtration-convection-
diffusion-heat and mass transfer”, are considered in the media (one connected areas, bounded by equipotential lines and
flow lines), which can be deformed depending on the certain process characteristics. This, by turn, predetermine the
process nature, i.e. there is a mutual influence of the medium characteristics and the process. Filtration flow is regarded
as a certain background for the convective transport of soluble substances (pollutants), taking into account small diffusion
effects.

Based on the above, a mathematical model of the wastewater aerobic treatment, taking into account the interaction
of bacteria, organic and biologically non-oxidizing substances in conditions of diffuse and mass-transfer disturbances and
the influence of temperature regimes, has been constructed.
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INTRODUCTION

Domestic wastewater contains pollutants of
mineral and organic origin, while industrial one differs
both in composition and concentration, depending on
the region. Regardless of the type, the wastewater
needs to be cleaned, because it contains pollutants that
significantly exceed the permissible concentration
levels. To prevent the harmful effects of impurities on
the environment, the filter systems that provide
acceptable contamination levels are used.
An effective tool for studying the operating modes of
such systems and optimizing their parameters is
mathematical modeling. In this regard, there is a
problem of the creation and implementation of an
adequate mathematical model that reflects the physics
of phenomena occurring in the systems of biological
wastewater treatment. The aim is to develop a
mathematical model of the process of biological
wastewater treatment, enabling to predict the
manufacturing process wastewater treatment in more
detail taking into account the temperature regimes,
that further enables the implementation of automated
control over the process of effective deposition of
impurities in biological filters depending on the
output data of the aquatic environment, the
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improvement of these systems in accordance with the
accepted conditions and criteria, as well as the
possibility of finding an effective combination of
wastewater biological treatment schemes with the
systems of energy recovery from wastewater
treatment (e.g. heat pump installations).

LITERATURE REVIEW

In recent years, a large number of scientific
researches on the issues of modeling and automation
of biochemical wastewater treatment have been
carried out. These studies have considerably
expanded the concept of water purification, heat and
mass transfer, influence of variable parameters
necessary for automatic control over output
information, and also defined certain principles for
the construction of schemes and automation tools.

In some models, wastewater treatment is
considered as a technological process with the
features of mechanical structures without taking into
account the dynamics of time changes of the filter
effective operation, in others — interconnections of
active sludge and impurities without taking into
account the system of interacting parameters, or a set
of equations that does not take into account the
interconnection between parameters, which are
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clearly expressed in experiments and play an
important role.

However, most of these works do not take into
account the influence of the environmental
temperature, which is one of the main factors
affecting the occurring of reactions.

The combination of the above shows the
relevance of this work, which is to develop a
mathematical model of the process of wastewater
treatment from pollutants, which takes into account
the interaction of bacteria, active sludge and
impurities, as well as temperature regime. The next
step is to study the model using computer simulation
to calculate the optimal parameters of the
technological process [1-9].

FORMULATION OF THE PROBLEM

It is necessary to consider the process of treating
liquids of organic impurities. According to the
literary sources, the following stages of wastewater
treatment of pollutants are distinguished:

- decomposition of organic contamination by
bacteria;

- growth and death of bacteria;

- production of "young" bacteria by active sludge;

- the transfer of impurities to a biologically non-
oxidizing substance.

To describe the dynamics of changes in the
concentration of pollution, taking into account the
influence of activated sludge on the absorption of
impurities, there is used the equation of the type [10]:

oC, oC, 0°C,
oy Ve ax BC,BT + D, Pl (1)

where £ is the coefficient, which takes into account

the design features of the aerotank, the flow rate of
the liquid and the absorption of the substrate in
accordance with the bacteria activity;

C. is the concentration of i-th contamination in

1
water;
T is the temperature of the aerotank;

V. is the velocity of the substrate movement;

D, is the diffusion coefficient.

Given that the bacteria move along with the
contaminated substance in the porous medium, and
also settle down in the lower part of the aerotank in
the form of active sludge, the following equation for
the growth, death and transfer of bacteria taking into
account the biological need of oxygen is arrived at:

oB oB o°B
—=Vv,—+ [BBKTK, +w, + D, —, (2
or  °ox p S @)

where B is the concentration of activated sludge;

Kg is the coefficient of oxygen and bacteria
absorption;

W, is the rate of active sludge accumulation
according to the adequacy of the model;

Vg is the velocity of activated sludge movement;

D, is the diffusion coefficient.

In order to improve the efficiency of the process
and ensure optimal living conditions of bacteria,
oxygen is additionally introduced, and the equation
describing the dynamics of this process has the
following form:

LS =V, LS + KT +
ot OX
2K ®3)
+Ky -C- (K, —K)+w, + Dy =z
X
where K is the oxygen concentration, necessary to
maintain the best bacterial absorption of

contamination;
Ky is the coefficient of mass transfer of oxygen;

K, is the concentration of saturation of water with
oxygen at given temperature and pressure;
W, is the rate of absorption of the oxygen substrate;

V. is the oxygen flow rate;

D, is the diffusion coefficient.

The basis for the thermal calculation of a biofilter
is the equation of the thermal balance of its water
mass, which takes into account the following
components of heat fluxes:

1. The inflow of heat in a biofilter with a
circulation loss of heat input incident, with the
outflow of heat supplied to the aerators.

2. The inflow of heat due to the absorption of total
solar radiation.

3. The outflow of heat with water at the outlet of
the biofilter.

4. The loss of heat due to evaporation.

5. The loss of heat due to convective heat
exchange between water and air.

6. The loss of heat due to effective radiation of
water surface.

Since the processes occurring in the aerotank
(Fig. 1) occur with the release and absorption of
energy, the law of thermodynamics is used:

Qin + Qheat - Qw + Qbot -
_Qair - Qevap _Qout =0,
where Q,, is the amount of heat coming from the

input water;
Quear 1S the amount of heat given by the air;

(4)
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Q, is the amount of heat lost through the aerotank
walls;
Q,,; is the amount of heat given to the heating of the

earth through the bottom of the aerotank;
Q,;, Is the amount of heat given to the air on the

surface of the water in the aerotank;

Qup 1S the energy of heat that will be emitted for
evaporation;

Q. Isthe residual heat that will be removed with the
outflowing water.
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Fig. 1. Thermal balance of aerotank

To determine the energy supplied by the
temperature of the incoming water, the formula is
used (5):

Qin =Cw'rn(-rin _T)’ (5)
where T, K is the water temperature in the aerotank;

c

is the specific heat of water;

w !

m, kg is the mass of water in which heat transfer
occurs;
o2 k—% is water density;
m
V =1-h-b,m’ is the volume of the aerotank;
[, m is the length of the aerotank;
h, m is the height of the aerotank;
b, m is the width of the aerotank;
T,,, K is the temperature of the water incoming into

the aerotank.
The amount of heat transferred from the air is
described by Fourier's law:

Qheat = _ﬂ’p ’ grad Tair -h-b, (6)

is the coefficient of thermal

where Aoy = ”
m .

conductivity of air;
T,,, K is the air temperature.

But since heat is supplied only in certain areas of
the aerotank, the function that describes the amount

of heat provided from the outside will look like (7),
72

where we additionally multiply by 2 the area of
interaction, because heat is absorbed by water,
located on both sides of the point of heat supply:

Qheat :_ﬂ’p'grad Tair'h'b'za x=20-n; (7)
Qheat = O, X# 20 n.

where x,m is the coordinate along the aerotank in
which the coolant is supplied:;
n=1 2,3, ...,k are natural numbers.

The loss of heat through the walls of the aerotank
is determined by the equation (8):

A
Q=2 (Tuer ~T) S0 (8)

aver

where 4, LK is the coefficient of the wall thermal
m-

conductivity;
o, m is the wall thickness;

T,er» K is the average temperature of the air that
surrounds the aerotank;
S, =2:1-h,m? is the area of the aerotank's lateral

surface through which the heat is lost.

The transfer of heat through the bottom of the
aerotank to the soil is similar to the formula (8), given
that the temperature of the earth is less than the air
temperature.

Qbot = ﬂ : (Tearth =T ) ’ Sbot J (9)
O

where T_.., K is the average temperature of the
earth;
Sy =1-b,m* is the area of the bottom surface

through which the heat is emitted to heat the earth.

The transfer of heat from water to air through the
aerotank surface is described by Newton-Richman's
law:

Qair :a'(Taver _T) F '

is the heat transfer coefficient of air;

(10)
where «, ZL
m”-K

F =1-b,m? is the surface area of the water through

which the heat is emitted to heat the air.

The energy of heat that will be emitted for
evaporation can be described with the equation (11)
from the work [11]:

1 dl
Qevapzae'(es_ez)'sbot"'p c &v (11)

“w

where  «,, is the coefficient of heat

m? - mbar
transfer by evaporation;
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e, m?-mbar is the maximum water vapor moisture,

which corresponds to the average temperature of the
water surface;
e,, m?-mbar is the humidity of water vapor at the
height of 2 m above the water surface;
I is the flow of solar energy;
p is water density.

The residual heat that will be removed with the
outflowing water is determined by the ratio (12):

Qout =C,m (Tout _T) | (12)

where T,K is the temperature of water in the
aerotank;
Tor K — the temperature of the water outflowing

from the aerotank.

Also, a part of the energy will be transferred along
the length of the aerotank due to the motion of water.
To do this, in addition to equation (13), we introduce
the convective and diffusive components of the mass
transfer, as well as the function of the source, which
has the following form:

K=7(Taer —Tin)- X, (13)

1 .
where , K is the rate of heat transfer along the

aerotank, depending on the environment.

Taking into account the mentioned components of
heat fluxes, as well as the corresponding dependences
(4)-(13), after carrying out corresponding
generalizations, the following equation for the
transfer of heat to the aerotank has been obtained:

2
T T T L,
ot OX OX p-C, OX

where V; is the velocity of heat motion;

=DT

+F+

D; is the diffusion coefficient;

F; is heat transfer function.

The set of differential equations (1), (2), (3) and
(14) gives complex description of the change in the
concentration of bacteria, pollution, oxygen and
temperature in the aerotank. Various interactions
between the characteristics of the environment and
the process should be taken into account by
introducing the coefficients into the corresponding
equation, which makes it possible to analyze the
processes taking place in the aerotank as a set of
interconnected influences. Proceeding from the
above, the following model problem can be arrived
at:

oC. oC. 0%C.
—t=y. — - BC.BT +D. —1L,
ot ¢ ox pC ¢ ox?
OB OB o0°B
— =V, —+ BBKTK; +W; + D; —-,
ot °ox p 5T TR oy
oK oK
E:VKa'FﬂKT-FKK'C'(KO—K)'F (15)

0’K
+WK+DK7,

2

ﬂ+vTﬂ:DTg+FT+Lﬂ;
ot OX OX p-C, OX

C|_, =Cn(t), Bl =B(),

(16)
K| _, =K, T, =T. (),
x| o B
OX |y OX |y
Kl o Tl
Xl | ooxly (17)

Cl,=Ci (%), Bl  =B"(x),

Kl_, =K'(®), T|_, =T (%),
where | is the aerotank length;
Ci(t), B(t), Ki(t), T(t), C(x), B(x),
K*(x), T"(x) given a sufficient number of times,

are the numbers of differential functions, coordinated
in the angular points of the area

G={(x,t):0<x<|,0<t<L<oo}_

The solution of the problem (15)-(17) with
accuracy O(e”“) are sought in the form of

asymptotic series by the power of a small parameter
e [12]:

CMU=%UM+2QEWM+

n+l ! (18)
+Y'€'C, (%,t)+ Re (%.t,€)
i=0
B(x,t)= B, (x,t)+ Y €'B, (x.t)+
. . (19)

+n+leiE~3i (%,t)+ R (X,t,€)

i=0
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K(x,t)=K, (x,t)+iZl:giKi (x.t)+

n+1 ! (20)
+Z$i Ki (~,t)+ R¢ (X,t,s)
i=0
T(xt)=T, (x,t)+znlgi'l'i (x,t)+
(2

n+l
+> T (Et)+ R (x.t,c)
i=0
where Ry, R, R., R, —reminders;
C(xt), B(xt), Ki(xt), T(xt) (i=0,n) —
regular part of the asymptotics;
C(&t), B(&t), K(&t), T(&t) (i=0n+1) -
function of the borderline type (correspondingly
amendments at the output of purified substance);
&=(L-x)-&" — corresponding transformations.
The solution to the corresponding model problem
(15)-(17) has been found in the form of asymptotic
series, analogous to [13]. The effectiveness of this
approach in works [12-15] has been "worked out", in
particular, with the consideration of "diffusion
contributions" on strong convection and filtration
backgrounds. The corresponding processes, such as
"filtration-convection-diffusion-heat-mass-
exchange", are considered in environments (single-
connected domains bounded by equipotential lines
and flow lines) that can undergo deformations
depending on certain process characteristics, which in
turn determines the nature of the process (that is, the
interaction of the characteristics of the medium and
the process takes place), and the filtration flow is
considered as a certain background for the convective
transfer of soluble substances (pollution), taking into
account small diffusion phenomena.

CONCLUSIONS

1. The mathematical model of biological
wastewater treatment has been developed, taking into
account the interaction of bacteria, organic and
biologically  non-oxidizing  substances  under
conditions of diffusion and mass exchange
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disturbances and the
regimes.

2. The method and the algorithm for solving the
corresponding  nonlinearly  perturbed problem
"convection-diffusion-heat-mass-exchange" are
offered.

3. The obtained results allow to forecast and
automate technological processes of biological
wastewater treatment with systems of energy
utilization of these waters (for example, heat pump
plants) in a more detailed and complex way.

influence of temperature
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MATEMATHNUYHO MO/JIEJIMPAHE HA TOITJIO U MACOOBMEHHMU ITPOLIECH B
CUCTEMMU 3A TPETUPAHE HA OTIIABYHU BOAU

A.IT. Cadonuk *, O.0. Xpununa, B.A. Bonommuyk, B.B. Cepena

Hayuonanen ynueepcumem no 600H0 u exonocuuHo undicenepcmeo, Puene, Yxmaiina
[ocrpnuna va 17 maif, 2018 r.; npuera Ha 27 1omu, 2018 r.
(Pestome)

B HacrosimaTa paboTa € mpeincraBeH MaTeMaTHdeH MOJeN 3a OMOJOTMYHOTO TPETHpaHe Ha OTMAIb4YHU BOAH,
ChIbpIKaIld MHOTOKOMIOHEHTHH 3aMbpcuTend. [IpeiiokeHuaT Mozen BKII0YBA CUMYJMpaHe Ha M30MCTPSHETO Ha
BOJIUTE B OCBETUTEN, aePOOHOTO TPETHPAHE B MOPHO3HA CPE/ia, ACUMIITOTHYHA YHCIICHA alIPOKCUMAIIUS 32 PelllaBaHe Ha
MPOCTPAaHCTBEHATA 3a/laua 3a aepOOHOTO TPETUPAHE U CUMYJIUPAHE HA CHHTYJISIPHO CMYTEHHUS MPOLEC Ha KOHBEKTHBHA
audy3us ¢ OTYMTAHE HA TOIIOOOMEHA W KOMITIOTBPHO MOJICIHMpaHe HAa OMOJOrMYHHUTE MPOIECH B aepUpaH TaHK C
pereHeparus.

Wpesita 3a TeopusiTa HA MEpTYpOALMHUTE € U3IOJI3BAaHA 32 ChCTABSIHETO HA MOJICT Ha HEeJIMHEHHa 3a1a4a (OTYuTaT ce
HOBU (pakTopu U eeKTH Ype3 CMYIIEHHs Ha U3X0/1a, HO Oe3 pelaBaHeTo Ha HOBH 3aJlauu).

3HaynMuTe mporiecd (KaTto (UITPpYyBaHE-KOHBEKTHBHA JU(PY3Us, TOIJIO-M MacoOOMEH) ca pasrieiaHd B
HeNpeKbCHaTa cpela (€IHO-CBbp3aHa 00JaCT, OrpajieHa OT €KBH-TIOTEHIMAIHU M TOKOBH JIMHWUH), KOSITO MOXE Jia ce
nedopmupa Ipu HIKOM XapaKTEpUCTUKHU Ha npolecute. OT CBOS CTpaHa TOBa MpeoIpeielis IPUPoAaTa Ha MPOLecHTe,
T.€. HAJIMIIE € B3aMHa BPb3Ka Ha XapaKTepUCTUKHUTE Ha CpeAara v Ha mporeca. OuiTpyBaHeTo ce pasriieka KaTo OCHOBa
32 KOHBEKTHBHHUS NIPEHOC HAa Pa3TBOPHMUTE BEIECTBA (3aMbPCUTENHN) NIPU ca0K AU(Y3HOHHU e(EeKTH.

Ha Ta3u oCcHOBa € ChCTaBEH MaTEeMaTHIMUS MOJICN 32 aepOOHOTO TPETHPAHE HA OTMAbYHU BOAU C OTYUTAHETO HA
BIIMSHUETO Ha OaKTepUHTE, HE-OKHCIIEMHUTE OPraHMYHH M OHOJIOTMYHM KOMIIOHCHTH B YCJIOBHSTA Ha CMYILICHHS B
nudy3usTa, TOIIO ¥ MacOOOMEHA M BIMSHHETO Ha TeMIIepaTypara.
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